Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "1 Algebraic functions\1.1
Binomial products\1.1.4 Improper"

Test results for the 454 problems in "1.1.4.2 (c x)*m (a x*j+b x*n)*p.m"

Problem 26: Result more than twice size of optimal antiderivative.

X5
dx
X - X3

Optimal (type 3, 13 leaves, 4 steps):

X3
-X - — +ArcTanh[x]
3

Result (type 3, 29 leaves):

x> 1 1
-X- — - —Log[1l-x]+ —Log[1+X]
3 2 2

Problem 28: Result more than twice size of optimal antiderivative.

X3
J dx
X - x3
Optimal (type 3, 6leaves, 3 steps):

-X + ArcTanh [x]

Result (type 3, 22leaves):

1 1
-X-—Log[1l-x] + —Log[1l+Xx]
2 2
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Problem 30: Result more than twice size of optimal antiderivative.

X
J dx
X - x3

Optimal (type 3, 2leaves, 2 steps):
ArcTanh [x]

Result (type 3, 19leaves):

1 1
-—Log[1-x]+ —Log[1l+X]
2 2

Problem 32: Result more than twice size of optimal antiderivative.

Jx (xl x3) >

Optimal (type 3, 8leaves, 3 steps):

1
- — +ArcTanh[x]
X

Result (type 3, 24 leaves):

1 1 1
-S> - Zlog[l-x]+—Log[1l+X]
X 2 2

Problem 34: Result more than twice size of optimal antiderivative.

Jx3 (xl— x3) >

Optimal (type 3, 15leaves, 4 steps):

1 1
- —— - — +ArcTanh[x]
3x3 X

Result (type 3, 31leaves):
1 1 1

1
- —— - —-—log[1-x] +—Log[1+x]
3x3 x 2 2
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Problem 38: Result unnecessarily involves imaginary or complex numbers.
Jx3x/ax+bx3 dx

Optimal (type 4, 163 leaves, 6 steps):

10114 v/x (Va +b x| | 28— Elliptick [2ancTan| #4100, 1]
20a’+Vax+bx® 4ax*vax+bx* 2 3 [V b %) :
- + +—Xx"yax+bx® +
231 b? 77b 1 231b%% \ax+bx3

Result (type 4, 148 leaves):

2 X

iva J%],_l] /

a
(-10a°-4a’bx?+27ab>x*+21b3x®) +10ia> [1+ V/x EllipticF|[i ArcSinh|
Vb bx? Vx

231 ﬂblex(awxz)
\’ Vb

Problem 39: Result unnecessarily involves imaginary or complex numbers.
szx/ax+bx3 dx

Optimal (type 4, 281 leaves, 7 steps):

4 32 b x2 ~/ 3
) a?x (a+bx?) L 4axyaxibx +3X3W+
15672 (Va3 /B x| axsbx asb 0
42%4\x (\E+\mx) —asbx® EllipticE[ZAr‘cTan[M], l} 2a%4+/x (\E+\mx) —asbx® EllipticF[ZAr‘cTan[M}, l]
(\/a_ﬂ/F X)Z al/4 2 (\/a_ﬁ/F X)Z al/4 2
15b7/*+ax+bx3 15b7/*+ax+bx3

Result (type 4, 184 leaves):
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2 .
2x [Vb x (2a?+7abx?+5b%x*) - 6a°? 1. 2% EllipticE[i ArcSinh]| ivh X ], -1] +
a \/?
6a>'? [i ArcSinh]| 1vb x |, -1] / 45 b3/2 @ [x (a+bx?)
Va Va

Problem 40: Result unnecessarily involves imaginary or complex numbers.
Jx\/ax+bx3 dx

Optimal (type 4, 137 leaves, 5steps):

2a7/4\/x (Va ++/b x| | —2X— EllipticF[2 ArcTan[ 250, 1]
davaxsbe 2, oo Vo /o) .
+—Xx“/ax+bx® -
21b 7 21b°4+/ax+bx?

Result (type 4, 137 leaves):

i . _a . . . .
2x /—\Cﬂﬁa (2a?+5abx?+3b2x*) -21a? [1+ .2 +/x EllipticF[iArcSinh| T I

21 | e x (a+bx?)
\/F

4

Problem 41: Result unnecessarily involves imaginary or complex numbers.

Jx/ax+bx3 dx

Optimal (type 4, 255 leaves, 6 steps):



4a5/4/x (Va +/b x| | —=®X— EllipticE[2ArcTan|

4ax(a+bx2> +£Xm_ (\/?+\/Fx)

pl/4 :x

1/4

al/

]

2]

5\/?(\/?+\/Fx)\/ax+bx3 5 5b34+/ax+bx3
2a%4+/x (\E+\/Fx) —asbx? - EllipticF[ZAr‘cTan[—*lbl’m/x ], l}

(\/?+ﬁx) al/4 2

5b3/4+ax+bx3

Result (type 4, 170leaves):

A b b 1V b
2x [v/b x ! X (a+bx?) +2a%? ipticE[i ArcSinh| = X},—l]—
v a \a

j\mx j\mx
2332 i ArcSinh , -1 5b x (a+bx?
27 (14 estnn[ | === ], -1] / = xleee)

Problem 42: Result unnecessarily involves imaginary or complex numbers.
J\/ax+bx3
—dx

X

Optimal (type 4, 113 leaves, 4 steps):

234 /% (\/;+ Wx) ——abxX_ EF11ipticF[2 ArcTan | P 1]
2 (\/?+\mx)2 al/4 2
—+Jax+bx® +
3 3bY4+ax+bx3
Result (type 4, 101 leaves):

iva
2ia [1+ 2 ~/x EllipticF[i ArcSinh| - ]
b x? Vx ?

2 x(a+bx2) 1+

iva (a+bx2>
\b
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Problem 43: Result unnecessarily involves imaginary or complex numbers.
J\/ax+bx3
—dXx

x2

Optimal (type 4, 248 leaves, 6 steps):

4al/4pl/ax (\/a_+\/Fx) —ashx® . Ellip‘u:icE[2Ar‘cTan[—‘Ebl/“l/dX },
4\/Fx(a+bx2) 2/ax+bx? (Va +vb x| aV/

1

2

]

(\/?+\/Fx)\/ax+bx3 X Vax+bx3

2av4b4 /% (Va /b x| [ =22 EllipticF[2arcTan[®50 ], 1]
(\/?M/Fx)z al/t 2
Vax+bx®

Result (type 4, 168 leaves):
1 1 \/F X

2
@Jx(awxz) Va
a

b x2 i Vb x b x?
2v/a Vb x |1+ X EllipticE[i ArcSinh| | - |, -1]+2va /b x |1+ EllipticF[i ArcSinh]
a /a a

Problem 44: Result unnecessarily involves imaginary or complex numbers.
J\/ax+bx3
——dXx

3

(a+bx?) -

X
Optimal (type 4, 116 leaves, 4 steps):
203/4x (\/?Jr\/Fx) —asbx® . EllipticF[Z Ar‘cTan[lel/“l/qX }, i]
2+Vax+bx3 (\/?+WX) aV

- +

3 x? 3at4/ax+bx3
Result (type 4, 104 leaves):
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o
2ib [1+-2 xs/zEllipticF{iAr‘cSinh[— AL },71}
bx2 \/7

wla (a+bx?)

b

2 x(a+bx2) 1+

3 x2

Problem 45: Result unnecessarily involves imaginary or complex numbers.
J\/ax+bx3
—dXx

x4

Optimal (type 4, 283 leaves, 7 steps):

4b32x (a+bx?) 2+vax+bx3? 4b+vVax+bx3
Sa(\g+ﬁx)m 5x° Sax
4654 /x (Va +\/b x| |2 E1lipticE[2 ArcTan [P0 ] 1] o ps/ay/y (Va +b x| [ =X EllipticF |2 ArcTan[ 2] 1]
(\/?MEX) al/ 2 (ﬁﬂﬁx) at/4 2
+
5a%%+/ax+bx3 5a%%+/ax+bx3

Result (type 4, 192 leaves):

i /b b x2 i /b
-2 i Vb X (a?+3abx?+2b?x*) -2+/a b¥2x* |1+ X EllipticE[i ArcSinh| iV X ], -1] +
Va a Va

b x2 1V b 1+b
2+/a b¥2x3 |1+ X EllipticF[i ArcSinh| i Vb x ], -1] / 5a x? i Vb x \x (a+bx?)
a Va Va

Problem 46: Result unnecessarily involves imaginary or complex numbers.

sz (ax+bx3)3/2dlx

Optimal (type 4, 186 leaves, 7 steps):
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8alvax+bx? 8a?x?‘'ax+bx? 4 m
ax+bx® +

B . + —ax?
231 b? 385 b 55
43154 x (\/?+Wx) ——ax_ F11ipticF[2 ArcTan | P 1]
Va /b x| 2
2 313/2 ( N )
— X (ax+bx> +
15 231b%4/ax+bx3
Result (type 4, 159 leaves):
i+a
i+ a a Vb
2x iva (-20a*-8a’bx*+131a’b*x* +196ab>x® +77b*x®) +20 i a* |1+ \/YEllipticF[iAr‘cSinh[i}, -1] /
Vb b x? X

1155 iva bzﬂ/x(a+bx2)
\' Vb

Problem 47: Result unnecessarily involves imaginary or complex numbers.

Jx (ax+bx3)3/2d1x

Optimal (type 4, 304 leaves, 8 steps):

8 3 b 2 2 3
i a®x (a+bx? ,8a Xeriax?’ [axsbx® +
65 b3/2 (ﬁ+ﬁx) Vax+bx® 195b 39
8at>4+/x (Va +Vb x| | —=2— Elliptice[2ArcTan [P0 ], 1]
(\/?+WX)2 al/“ 2
2, 313/2
—x (ax+bx> + -
13 65b7/4\/ax+bx3
a4 +/x (Va «\/b x| [ —22E— Elliptick[2ArcTan [P0, 1
(\EJr\/Fx) al,’A 2
65b7/4/ax+bx3

Result (type 4, 195leaves):
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i Vb x b x2 ib x

1
2x |vVb x (4a°+29a’bx?+40ab>x* +15b3x®) ~12a7/2 |1+ EllipticE[i ArcSinh|

Ve a Va

b x2 i b 1 Vb
12272 |1+ > EllipticF[i ArcSinh| iVh x ], -1] / 195 b3/2 ivh x \/x (a+bx?)
a Va Va

Problem 48: Result unnecessarily involves imaginary or complex numbers.
J(ax+bx3)3/2dlx

Optimal (type 4, 158 leaves, 6 steps):

4all/4/x (\/?+\/Fx) ﬁ EllipticF[zArcTan[%?], 7]
) 3 a + X !
8a?Vax+bx’ 12 \Jax+bx® +ix(ax+bx3)3/27

+ — ax?

77 b 77 11 770%4/ax+bx®
Result (type 4, 148 leaves):

iva

a
i Va a Vb i Va
2x iva (42 +17a%bx?*+20ab?x* + 7b>x%) ~4ia® |1+ V/x EllipticF|[i ArcSinh[ —], -1] / 77 iva b+/x (a+bx?)
Vb b x* Vx Vb

Problem 49: Result unnecessarily involves imaginary or complex numbers.

3/2

J(ax+bx3) x

X

Optimal (type 4, 275 leaves, 7 steps):

8a?x (a+bx?) +iaxm+g(ax+bx3)3/2—
9

15b (Va +vb x| Vax+bx® 15

8a%%\/x (\/a ++/b x) —ashx EllipticE[ZAr‘cTan[M], 2] 4a%44/x (\/a ++/b x) —2:bX E11ipticF |2 ArcTan [ 2], 1]
(Va b x) ate 172 (Vo /B x| ae 172
+
15b%%+ax+bx? 15b%%+ax+bx?

Result (type 4, 184 leaves):
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i \Vb X b x? i Vb x
2x |Vb x |- (11a2+16abx?+5b?x*) +12a°/2 |1+ E1lipticE[i ArcSinh[ | - B
\/a a A/ a

2 : .
12252 1. 2% EllipticF[i ArcSinh| ivh x ], -1] / 45+/b ivh x Jx (a+bx?)
a Va Va

Problem 50: Result unnecessarily involves imaginary or complex numbers.

b 3\ 3/2
J(ax+ X) dx

x2

Optimal (type 4, 134 leaves, 5steps):

+

2]

L, 4V (Va + Vb x| /ﬁ EllipticF |2 ArcTan| 220 )
3 +\'b ay

ia ’7ax+bx3+2(ax+bx) (a X)

7

7 x 7bY4ax+bx®
Result (type 4, 113 leaves):

p—
iva

aia? |1+ % VX Elliptick[iArcsinh | Lo ],-1]
2x |3a%+4abx?2+b2x*+ Lo
Jo

AN (a+bx2)

Problem 51: Result unnecessarily involves imaginary or complex numbers.

b x3)3/2
J<ax+ x) ix

x3

Optimal (type 4, 274 leaves, 7 steps):
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2425464 3/x (Va +/b x| | —22— EllipticE[2ArcTan[ 0], 2]
24a+/b x (a+bx?) ax+bx3)3/2 (Va +vb x| at/ 2
xA/ax+bx3 - +
5(\/?+\/Fx)\/ax+bx3 5+ ax+bx3
12 a°/4 b1/4\/7 / —asbx® E111pt1cF 2Ar‘cTan[%4£], ﬂ
Ja +/b a”/
Vax+bx®
Result (type 4, 183 leaves):
1 i Vb
2 i/b x (-5a*-4abx®+b*>x*) +

5 ]"JEX x (a+bx?)
a

2 - 2 -
12a%2/b x 1+bx ipticE[i ArcSinh| ]H/FX],—l]—lZa”Z\/?x 1+bX ipticF[i ArcSinh| ]H/FX],—l}
2 Ve . =

Problem 52: Result unnecessarily involves imaginary or complex numbers.

(ax+bx3)3/2
— dXx
j x4

Optimal (type 4, 134 leaves, 5steps):

4a3/4p3/4\[x (\/?M/Fx) —Wj*zi v EllipticF[ZArcTan[—*Cbl/hmx ]» i]
a +\Vb x al/

2 b x3)3/2
ibx/ax+bx3— (ax+bx}) +
3

3x° 3vax+bx3
Result (type 4, 107 leaves):
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Problem 53: Result unnecessarily involves imaginary or complex numbers.

dx

J(ax+bx3)3/2

x>

Optimal (type 4, 277 leaves, 7 steps):

24 al/4 pS/4 /X W;M/FX) —asbxt EllipticE[ZArcTan[ﬂlT?}, 2]
24672 (a+bx2) 12bVaxThE 2 (ax«bx)¥? Ve b x) R

5(\5+Wx)m 5 x 5 x4 5vVax+bx3
12 al/4 b5/4 /x (\/?+\/Fx) —ashx EllipticF[ZAr‘cTan[M], ]

(Vo oE o

5vVax+bx3

Result (type 4, 189leaves):

i /b b x2 i /b
-2 i Vb X (a?+8abx?+7b>x*) -12+/a b¥2x* [1+ X EllipticE[i ArcSinh| i Vb X |, -1] +
Va a Va

b x? i /b i Vb
1243 b2 140 E1lipticF[i ArcSinh| | - . |, -1] / sx2 | 2% [x (a+bx?)
a Va Va

Problem 54: Result unnecessarily involves imaginary or complex numbers.

dx

J(ax+bx3)3/2

X6
Optimal (type 4, 137 leaves, 5steps):
4074 \[x (\/?+\/FX) % EllipticF[ZAr‘cTan[Lij?], l}
ab~ax+bx} 2 (ax+bx?)*? (va /b x) al 2

+

7 x? 7 x° 7al’%/axq+bx3
Result (type 4, 116 leaves):
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43107 [1:° x/2 E1liptick[i Arcsinh [t |, 1]
2-a%2-4abx?2-3b2x*+ - :

ifa
Jo

7 x3 x(a+bx2)

Problem 55: Result unnecessarily involves imaginary or complex numbers.

(ax+bx?)*?
J SR ax
X7
Optimal (type 4, 306 leaves, 8 steps):
8b°/2x (a+bx?) 4b\ax+bx> 8b2+/Jax+bx® 2 (ax+bx})>?
15a(x/?+x/?x)\/ax+bx3 15 x3 15 a x 9 x6
8624/ (Va + b x| [ 225 Elliptice[2arcTan[® L], 2] 4b2t/x (Va 4i/b x| [ 2 EllipticF[2arcTan[ 0], 2]
(Va +Vb x| at/t 2 (Va Vb x| av/s 2
+
1524 Vax+bx3 15234 /axsbx®

Result (type 4, 205leaves):

i /b b x2 i /b
2| [1Yex (5a°+16a2bx?+23ab?x* +12b%x®) ~12+/a b%/2x |1+ - E1lipticE[i ArcSinh| lrx],71}+
Va a

b x? ivVb ivVb
123 b2x5 (14 -2 EllipticF [i ArcSinh| = X |, -1] / 45axt |2 X X (a+bx?)
a Va +a

Problem 56: Result unnecessarily involves imaginary or complex numbers.

dx
8

J(ax+bx3)3/2

X

Optimal (type 4, 163 leaves, 6 steps):

414 \x (ﬁ+\/yx) —ashx EllipticF[ZAr‘cTan[—\Cbl’m/ 1, 1]
12b/ax+bx} 8b*yax+bx? 2 (ax+bx?)*? (vVa /b x) al/s 2

77 x4 77 a x? 11 x’ 77 354 ax + b x3
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Result (type 4, 150 leaves):

i+a a
2| [ * (7a°+20a2bx?+17ab2 x4 +4b>x) +4ib® |14+ —— x1/2E1lipticF[i ArcSinh| ],
b b x2 \ x

iVa > x (a+bx?
[77a WX«/( b)J

Problem 57: Result unnecessarily involves imaginary or complex numbers.

4
J — X ax
Vvax+bx3
Optimal (type 4, 140 leaves, 5steps):

5a7//x (Va +v/b x| | —*2%— EllipticF[2ArcTan[ 0], 2]
10avax+bx’? 2x2+vax+bx3 (Va +Vb x| al/
- + +
21b? 7b 21b%4/ax+bx3

Result (type 4, 138 leaves):

2 [ x(sa?i2abx2-3b7x4) +100a% 1+ 2 x3/2EllipticF[jArcSinh[Q], -1]
X

Vb Vx
21 | e b2 /x (a+bx?)
Vb

a

&’

Problem 58: Result unnecessarily involves imaginary or complex numbers.

3
J — X ax
Vax+bx3
Optimal (type 4, 258 leaves, 6 steps):
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6a%4\/x (Va +b x| |—2X_ E1lipticE [2 ArcTan |2 (] 1]
6ax (a+bx?) 2xVax+bx3 [Va Vb x| i ’
_ ' . _
5b3/2(\/?+Wx>\/ax+bx3 5b 5b7*vax+bx?
3a%4+/x (\E+\/Fx) —abxt EllipticF[ZAr‘cTan[M], 1}
(ﬁ+ﬁx)z al/4 2
5b7/4+ax+bx3

Result (type 4, 170leaves):

2x [v/b x 1vh X (a+bx?) -3a%? b ipticE[i ArcSinh| ! bx},—1]+
\\ a Va
i4b x 1vVb x
3a%? i ArcSinh , -1 5b%2 | ———— . /x (a+bx?
\ | \a } | / \} Va ( )

Problem 59: Result unnecessarily involves imaginary or complex numbers.

2
J — X ax
Vvax+bx3
Optimal (type 4, 116 leaves, 4 steps):

a¥43/x (Va ++/b x| [ —=2— Elliptick[2ArcTan[ ¥l 1]
2Vaxibx (V2 x| o
3b 3b>4+/ax+bx3

Result (type 4, 101 leaves):

iva
Jv

12 WEllipticF[i Ar‘cSinh[fr
.
2x |a+bx?- :
ifa
o

.

3b x(a+bx2)
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Problem 60: Result unnecessarily involves imaginary or complex numbers.

X
—— dx
J\/ ax+bx3
Optimal (type 4, 229 leaves, 5 steps):

204 3/x (Va « /b x| | —22X Elliptice[2ArcTan| 2],
2x (a+bx?) Voo i
b a +Vb x ax+bx b ax+bx
Vb (va ++/b x) Vax b A axebx
a#\/x (Va ++/b x| [ =X EllipticF[2ArcTan [P0 ], 2]
(\EJr\mX) al/4 2
b3/4ax+bx3>

Result (type 4, 108 leaves):

2ix2 142 (EllipticE[iAr‘cSinh[ ivb x 1, _1] - EllipticF[i ArcSinh[ | X ], -1]]
a Ja

(j\ﬁbx)yz x (a+bx?)
a

Problem 61: Result unnecessarily involves imaginary or complex numbers.

1
——dx
J\/ ax+bx3
Optimal (type 4, 92 leaves, 3 steps):

NS (\/?+\/Fx) —asbx? EllipticF[ZAr‘cTan[M}, ]
(NEH/FX)Z at/t 2
al’4b¥4/ax+bx3

Result (type 4, 85leaves):
ia

2i |1+ 2 x¥2EllipticF[i ArcSinh| W ], -1]

iJa [y (a+bx?)
Vb
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Problem 62: Result unnecessarily involves imaginary or complex numbers.

1
——dx

Jx Vax+bx3

Optimal (type 4, 253 leaves, 6 steps):

2614 x (Va +i/b x| [ E1lipticE[2 ArcTan[ 2] 1]
2+/b x (a+bx2) 2v/ax+bx> [Va /o x) o

- +

a(Va +Vb x| Vax-bx® ax a4 Jaxbx®
b1 /x (Va + b x| | —=2%— Elliptick[2arcTan [P0, 1]
(\EJr\mX) al/4 2
a¥*Jax+bx3

Result (type 4, 170leaves):
1 1 Wx

2
a @1/x(a+bx2) Va
“a

2 . 2 .
Va Vb x |14 2% EllipticE[i ArcSinh| i Vb X ], -1] +vVa Vb x_[1+ bx EllipticF[i ArcSinh| iV X ], -1]
a Va a Va

Problem 63: Result unnecessarily involves imaginary or complex numbers.

(a+bx?) -

1
——dx

sz Vvax+bx3

Optimal (type 4, 119leaves, 4 steps):

b3/4~/x (\/?+ \/Fx) % EllipticF[Z Ar‘cTan[%“M@] s l]
2vVax+bx? (Va b & 2
3ax? 3a%4+ax+bx3
Result (type 4, 106 leaves):
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ib |1+ x¥/2Elliptick i Arcsinh| Je ],-1]
2 b 2 b x2 \/7

ifa
o

3ax4/x (a+bx?)
Problem 64: Result unnecessarily involves imaginary or complex numbers.

1
———dx
Jx3 Vvax+bx3
Optimal (type 4, 286 leaves, 7 steps):

6b3/2x (a+bx?) 2+/Jax+bx> 6bvax+bx3
- - + +
5a2(\/?+\/Fx)\/ax+bx3 5ax? 5a%x

6b5/4/x (\E+\mx) ,W_LJ);_Z)Z EllipticE[ZAr‘cTan[%?], ﬂ 3b5/4+/x (\E+Wx) '(J_LV);_Z)Z EllipticF[ZAr‘cTan[
a + X ’ a + X

pl/4 ZX

a 1/4

]

1

2

]

5a’/%+ax+bx3 5a’”%+ax+bx3
Result (type 4, 195leaves):

, b b x2 i b
, [ iVb x (-a2+2abx?+3b2x%) -6/a b¥2x3 |1+ EllipticE[i ArcSinh| lrx},—lh
N a Va

b x2 1\ b 1\ b
6v/a b¥2x3 |1+ - EllipticF[i ArcSinh| ivh x ], -1] / 5 a2 x2 ivh x \/x (a+bx?)
a Va Va

Problem 65: Result unnecessarily involves imaginary or complex numbers.

7

Jx—dlx
(ax+bx3)3/2

Optimal (type 4, 161 leaves, 6 steps):

15a7/4/x (\/? +Vb x) —2bX_— ElipticF 2 Ar‘cTan[—\Lbl/AmX |, %]
x° 15avax+bx> 9x2+/ax+bx3 (Va Vb x| a¥
+ +

bvax+bx3 7b3 7 b? 14b13/4~/ax+ b x3



Result (type 4, 137 leaves):

Ll x(-15a7-6abx?+2b2x*) +15ia2 [1+ 2 372 EllipticF[iArcSinh[E], -1]

Vb Vx

A

Q‘

7 | ila 3 x (a+bx?)
Vb

Problem 66: Result unnecessarily involves imaginary or complex numbers.

X6
— dx
J(ax+bx3)3/2

Optimal (type 4, 279 leaves, 7 steps):
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21254 \/x (Va +v/b x| | X Elliptick[2ArcTan[ P00 ], 1
x4 21ax(a+bx2) 7xVax+bx3 (\/?H/Fx) / )
- - + +
bvVax+bx3 5b5/2(\/?+\/3x)\/ax+bx3 5b? 5bll/4/ax+bx3
21a%4+/x (\/?Jr\/Fx) % EllipticF[ZArcTan[M}, l]
(\/?+\/FX) 31’/4 2
10b4/ax +bx3
Result (type 4, 173 leaves):
1+vb b x2 1+vb
x |Vb x i Vb x (7a+2bx?) -21a%% |1+ X EllipticE[i ArcSinh| 1\/_x],_1]+
Va a Va

2 : .
21297 |1, 2% EllipticF[i ArcSinh| ivh X |, -1] / 5 b°/2 ivh x X (a+bx?)
\ Va

2 Va

Problem 67: Result unnecessarily involves imaginary or complex numbers.

5

Jx—dlx
(ax+bx3)3/2

Optimal (type 4, 137 leaves, 5steps):
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5a3/4+/x (\/?Jrﬁx) ——2xX_ F11ipticF[2 ArcTan [P0 1]
(\/?+ 5 X)z al/4 2

x3 5vax+bx3
_ N _
bvax+bx3 3b? 6b%4/ax+bx3

Result (type 4, 124 leaves):

ia

iy (5a+2bx?)-5ia |1+ x¥?EllipticF[iArcSinh[-———], ~1]
Vb b x VX

3 [iva p2 x (a+bx?)
Vb

Problem 68: Result unnecessarily involves imaginary or complex numbers.

4

Jx—dlx
(ax+bx3)3/2

Optimal (type 4, 253 leaves, 6 steps):

3al44/x (Va + Vb x| [ =2 Elliptice[2ArcTan[ 0], 2]
X2 3x (a+bx?) [Va by " i
- + - +
bvax+bx? b2 (\/?Jr\/FX) Vax+bxd b7/4Jax+bx3>
3214 /x (ﬁ+ﬁx) ——2xX_ E11ipticF[2 ArcTan | P00 1]
(ﬁ+\mx) al/4 2
2b74ax+bx3

Result (type 4, 161 leaves):
iVb x

2

S x [V x /“/_X 3va [i Arcsinh| = |, -1]+3va |1+ 2% EllipticF[i Arcsinh|
a

'\/Fx

b3/2 liwlx(a+bx2)

V. Va




Problem 69: Result unnecessarily involves imaginary or complex numbers.

X3
— dx
J(ax+bx3)3/2

Optimal (type 4, 115leaves, 4 steps):

Vx (\/?+\/Fx) —asbx? EllipticF[ZAr‘cTan[M}, ]
(\Eﬂmx)z al/4 2

+

bvax+bx3 2al4 b4 ax+bx3
Result (type 4, 111 leaves):

iifa
S B xi i [14 2 x¥2EllipticF[i ArcSinh [ ], 1]
Vb b x VX

[y [y (a+bx2)
W

Problem 70: Result unnecessarily involves imaginary or complex numbers.

X2
— dx
J(ax+bx3)3/2

Optimal (type 4, 254 leaves, 6 steps):

VX (\/?+\/Fx) % EllipticE[ZAr‘cTan[
x2 x(a+bx2) (Va /b x)

- +

avax+bx3 aﬁ(ﬁJﬂmx) ax+bx3 a34p34~fax+bx3
N (\/?+Wx) —_asbx? EllipticF[ZAr‘cTan[M], ]

(Vo o] w12

2a¥4b3%+\ax+bx3

Result (type 4, 162 leaves):

1.1.4 Improper.nb | 21
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Vb x /JM/FX -Va /1+bx2 EllipticE[i ArcSinh| ivh X ], -1] +Va /1+bx2 EllipticF[i ArcSinh]| b }’1]]]/
Va a Va a Va
[a\m ivb x 1/x(aerxz)]
EY

Problem 71: Result unnecessarily involves imaginary or complex numbers.

X

J%dx
(ax+bx3)3/2

Optimal (type 4, 114 leaves, 4 steps):

Vx (Va «ib k) [ e E1lipticF [2 ArcTan|®/ 0] 1]
X [Va /b x| * ’

+

avax+bx3 2a*4bl4+ax+bx3

Result (type 4, 110leaves):

ifa
[ xd [14 2 x32EllipticF[i Ar‘cSinh[E] , -1]
Vo AT b X

a [ ife x (a+bx?)
b

Problem 72: Result unnecessarily involves imaginary or complex numbers.

J;dx
(ax+bx3)3/2

Optimal (type 4, 273 leaves, 7 steps):
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3014/x (Va + Vb x| [ = EllipticE[2ArcTan[ ], 1]
1 3/b x (a+bx?) 3+v/ax+bx3 (Va+Vb x| a® 2
+ - - +
avax+bx® a2 (\/?+\/Fx)\/ax+bx3 a? x a’’*\ax+bx3
3bY/4+/x (\E+\/Fx) —asbx? EllipticF[2Ar‘cTan[LAf£]J 1}
(Va b x)? s 172
2a’%+ax+bx3

Result (type 4, 174 leaves):
1 ivb x

a2 jﬁ@«/x(a+bx2) Va

b x2 i /b b x? i /b
31/a b x_ |1+ Elliptick[iArcsinh| | =1, -1] -3+a /b x_|1+ —— EllipticF[iArcSinh| | =" ], -1]
a Ja a Va

Problem 73: Result unnecessarily involves imaginary or complex numbers.

J;dlx
X (ax+bx3)3/2

Optimal (type 4, 139leaves, 5steps):

(2a+3bx2) +

534 4/x (Va +b x| [ EllipticF[2ArcTan[® 0], 1]
1 5vVax+bx3 (Va +Vb x| avt 2
axVvax+bx3 3a%x? 6a%4+ax+bx3

Result (type 4, 106 leaves):

-
sib 1.2 x5/2EllipticF{jArcSinh{— A ],71}
X
-2a-5bx?- x
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Problem 74: Result unnecessarily involves imaginary or complex numbers.

J 1 dx
x2 (ax+bx3)3’/2

Optimal (type 4, 306 leaves, 8 steps):
1 21b*2x (a+bx?) 7Vax+bx®
- - +
ax?vax+bx? 5a° (\/?+\/Fx)m 5a%x?

210°4+/x (Va +/b x| | —=*%— EllipticE[2ArcTan[®0C], 1]
21bVax+bx3 (Va +b x| at/t 2
+

5a3x 5all4+/ax+bx3
21b5/4 /% (\/;me) ——abxX_ E11ipticF[2 ArcTan| P00 ] 1]
(Va /b x)* at/t 2
10 a4 +/ax+bx3

Result (type 4, 194 leaves):

i Vb X
ivh (-2a%+14abx?+21b2x*) - 21+/a b¥2x* 1+ EllipticE[i ArcSinh|

Va a Va

b x2 i\ b i \/ b
213 b¥2x3 14 2 EllipticF[i ArcSinh| = X ], -1] / saiy? |2 X /X (a+bx?)
a Va Va

Problem 97: Result unnecessarily involves imaginary or complex numbers.

b x2

],—1]+

3
JX4 dx
Vvax+bx*
Optimal (type 4, 224 leaves, 4 steps):

2/3_31/3 p1/3 v, p2/3 x2 . . a3 (1-+/ b1/3 x
a?3x (al2+p13x) |2 b%2 x:b% > EllipticF [ArcCos| B

T (a/2+ (1443 ) 62 x) al/34(144/37) Y2 x
Vax+bx

(2+3)]

2b 14 b/3 x (a1/3+b1/3 x) 4
4. 3Y%b (al/'h(hﬁ) " X>2 Vax+bx
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Result (type 4, 174 leaves):
1

6 (-a)>b/x (a+bx3)

i (_g)1/3
_a 2/3 _a 1/3 2 (-1 5/6_ i(-a)
(-a)'”3 . -1) b/* x

EllipticF [ArcSin|

], (2]

x2 31/4

3 (-a)l3x (a+bx3) +J'133/4ab1/3\/ <_1>5/6 (_1+
bl/3 x

Problem 98: Result unnecessarily involves imaginary or complex numbers.

1
———dx
J\/ ax+bx*
Optimal (type 4, 197 leaves, 3 steps):

a1/3+(1+ﬁ) p1/3 X)Z a1/3+(1+\/?) b/3 x

« (a1/3 + bl/3 X) \/ (aZ/Lal/S bl/3 x1b2/3 x2 E1lipticF {AF‘CCOS { al/34(1-/3 bl/sx} ) i (2 N \/?) }

31/4 41/3 b/> x (a¥/2 b2/ x] a b x*
vV ax X
(a1/3+ (1+\/ 3 ) pY/3 x)z '

Result (type 4, 147 leaves):

_ (71)5/67 i(-a)¥?
bt x 1/3
- L)/

b2/3 X2 b1/3 X

_ 1/3 _ 2/3 _ 1/3
21‘1b1/3\/(1)5/6 [1+( 2) ) Ju( ), (-a) x? EllipticF [ArcSin|

(31/4 (a3 [x (a+bx3)

Problem 99: Result unnecessarily involves imaginary or complex numbers.

1
J—dlx
x3vVax+bx?*
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Optimal (type 4, 225 leaves, 4 steps):

2bx <a1/3 . b1/3 X) a2/3_al/3 p1/3 x1p2/3 x2 Ellip'tiCF [Ar‘c(:os [ a3+ (1-4/37) b3 x , 1 2. \/? ]
/. / 2 /- /-
2 b 7 (a*’h(lnﬁ) bl/3 X) 31/3+(1+\/?) b1/3 x 4
VaX+DbX
_ . _
>ax bY/3 x (al//3+b1/3 x)
5. 31/4 9473 Vax+bx*
(al//3+(1+\/?) b1/3 X)2
Result (type 4, 172leaves):
i (_g)1/3
[ [
-6 (-a)¥? (a+bx3) +4i334p*3 | (-1)%° [-1+ ) x* | = ° EllipticF [ArcSin| ], (-1)*?] /
b1/3 X X2 31/4

(15 (-a)*2x*[x (a+bx’) )

Problem 100: Result unnecessarily involves imaginary or complex numbers.

5
J X ax
Vvax+bx*
Optimal (type 4, 503 leaves, 6 steps):
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5(1+v3 | ax (a+bx) A axibd
863 (3124 (1443 ) box| Jaxibx 4b

+

s/ b5 b . 13, (143 ) b3/2
5 31/%a%3x (al/3 4 b1/3x) \/ 2?22 b e i By 4pticE [ArcCos | i G R Ll (2 +/3 ) ]

1
(alr’/3+ (1+\/?) bt/3 X)Z al/3+(1+\/37) bY/3 x ’a

N
bl/3 x (al/3+bV/3 x
8 b>/3 : ( /)2 Vax+bx*
(al/3+(1+\/?) b/3 X)
1/3 1/3
32/3 _ al/3 pl/3 x 4, p2/3 x2 a’’+ (1—\/3 ) b/° x

(2+\/?)] /

5 (1—\/?) a3 x (a'? + b1 x) EllipticF [ArcCos | | 1
(a1/3+(1+\/?> b1/3x)2 a1/3+(1+\5) bl/3 x 4

b1/3X 31/3+b1/3x
16 - 31/4p>/3 ( ) \Jax+bx?

(a1/3+ (1+\/?) b1/3 X)2
Result (type 4, 355leaves):

a2/3  al/3y
- — - X
b2/3  pl/3

1 1

2 (71+ (71)2/3) b

2

5ax +2X3<a+bX3)—

8b./x (a+bx3)

(1+ (—1)1/3) bl/3 x (al/s_ (_1)1/3 pl/3 x) \/a1/3+ <71>2/3 bl/3 x

(a1/3 + bl/3 x) 2 al/3 1 pl/3 x

5 (_1>2/3 34/3 (a1/3+b1/3 X>2\I

3+i+/3 ) bY3x 3+i+/3 | bY/3x
al/34p1/3 x ] -1+vV3 al/34p1/3 x
3

V2 i+1/3

] —i+3
NPy ETSVEY

(-3-1+/37] EllipticE [ArcSin] ] + (1+1+3) EllipticF [Arcsin]

]

Problem 101: Result unnecessarily involves imaginary or complex numbers.

2

X
J;m
Vax+bx?



28 | 1.1.4 Improper.nb

Optimal (type 4, 474 leaves, 5steps):

13 b5 o Vs, (143 ) b3
31/4 31/3 <a1/3 + pl/3 X) \/ a?/-al? b1 xeb?2 X E 740t cE [Ar‘cCos[a—(—)—x] 1 (2 +/3 ) }

(1473 ) x (a+bx?) (@24 (1073 ) 022 SRR

p2/3 (al/aJr (1+\/?) b1/3 x) Vaxibxt B \/
b2/3
(a

bl/3 x (al/'3+b1//3 x)
—— Jax+bx*
1/3, (1+\/T) pl/3 X)

13 13 13 22/3_31/3 p1/3 x.p2/3 2 . . a3 (1-4/37) b3 x 1
(1 - \/?) a'/3 x (a3 + b3 x) \/ (ool W] E111pt1cF[Ar‘cCos[alllg+(1+ﬁ) bl/gx], " (2+ \/?)}

2 aprs | PN o
(al//3+ (1+\/37) bl/3 X)Z

Result (type 4, 333 leaves):
1

X (a+bx3)

[ﬂ al/3 x (71>2/3 1 (31/3 b3 X>2 (1+ (_1)1/3) bl/3 x (31/3_ (_1)1/3 pl/3 x) \/a1/3 " (_1>2/3 bl/3 x

+x2] +
p2/3 pl/3 2 (_1+ <_1>2/3> b (a1/3 +pl/3 X)z al/3 4 pl/3 x

3+i /3 ) bY3x 3+i4/3 ) bY/3 x

1/3_ p1/3 1 3 1/3 . p1/3 1 3
T, l+\/7]+(1+Ji\/?>EllipticF[Ar‘cSin[ T, i+V3
N2 i++/3 N2 i++/3

(-3-1+/3 ) ELlipticE [ArcSin|

]

Problem 102: Result unnecessarily involves imaginary or complex numbers.

1
——— dx
Jx Vvax+bx?*
Optimal (type 4, 497 leaves, 6 steps):
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2 (143 ) b2 x (a+bx?) 2 /axibxd

a(a1/3+(1+\5)b1/3x)\/ax+bx4 ax

1
=2+
(alr’/3+(1+ /3 ) pt/3 X)Z a1/3+(1+«/3 ) bl/3 x > a ( w3 ) ]

2/3_21/3 b1/3 x . b2/3 x2 L. al/3:+(1-4/37) b3 x
2 31/4p3x (a3 4 b3 x) \/ b b 0 E11ipticE [ArcCos |

b1/3 x (a1/’3+b1/3 x)
2/3 4
a \/ (alm(h ; ) bl/Bx)Z Vax+bx

2/3_31/3 p1/3 y, p2/3 x2 . . al/34 (1-4/37) b1/3 x
(1 - \/?) b1/3 x (a/3 + b1/3 x) \/ (aawj(/pbﬁ; ;/3 X")z EllipticF[ArcCos]| o 15| o ]s i (2 + \/?) ]

31/4 32/3 p1/3 x (al,/3+b1/3 x) —
) Vax+bx*
(31//34-(14.\5) bl/3 X)Z +

Result (type 4, 334 leaves):
1

a x(a+bx3)

1 2
2| a+a2/3pt3x_al/3p2/3 24 <_1> 2/3 41/3 (a1/3 + bl/3 x)

2 [ 9] FENEENE

3+i+/3 ) b3 x 3+i4/3 ) b3 x
al/34b1/3 x ] -1+vV3 al/34b1/3 x ] -1++vV3
)

NPy EETRVE) NPy ey

(1+ (_1>1/3) bl/3 x (al/s _ (_1>1/3 bl/3 x) \/a1/3+ (71)2/3 bl/3 x

a1/3 + bl/3X

(-3- 13 ] EllipticE [ArcSin] ]+ (1+1+3 ) EllipticF [ArcSin]

]

Problem 131: Result unnecessarily involves higher level functions.
Jx3x/bx1/3+ax dx

Optimal (type 4, 301 leaves, 11 steps):
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884b6+\bx3+ax 884b>x%3+/bx3+ax 6188b*x*3+/bx¥3+ax 476b3x2+bx¥3+ax 28b2x83+/bx¥3+ax
_ 4 _ + _

14421 a® 24035 a° 216315 a* 19665 a* 1311 a2

442 p27/4 (\/F+\/;X1/3> b+ax?/3

x1/6 E1lipticF [2 ArcTan [ 22X2] ) 1]
4bx1®3+bx¥3+ax 2

(Vo /3 x2) bY/4 2
+—=x*bx3rax +
207 a 9 14421 a%5/4 /b x¥/3 + a x
Result (type 5, 155leaves):
1

2x%3 |-6630 b7 - 2652 a b® x?/3 + 884 a% b®> x*/3 - 476 a3 b* x? + 308 a* b3 x¥/3 -

216315 a° Vb x1/3 +ax

5 K2 10/3 6 4 7 14/3 7 s 1 1 > b
220 a° b“ x +26125a3° b x* + 24035 a’ x -6630b 1+ Hypergeometric2F1 [ —y =y —y -
ax 4 2 4 ax?/3

Problem 132: Result unnecessarily involves higher level functions.

szx/bx1/3+ax dx

Optimal (type 4, 411 leaves, 11 steps):

44b° (b +ax?/3) xt/3 44b*x13\bx3rax  220b3xVbx3+ax  60b2x>3+/bx¥3+ax
- . -
221 a%/2 (\/b +vVa x1/3) Vbx3 +ax 663 a*

N
4641 a3 1547 a?

x1/6 E1lipticE [2 ArcTan [ M] ,

b1/4

N [P
[E—

I
1/3
4bx’3\bx¥3+ax 2 Vo e?)
+=x>/bx3rax -
119 a 7

.
221 a4 /b x13 +ax

22 p21/4 (\/ b +va x1/3) _beax¥?

(Vb +Va x1/3)2 x1/6 E1lipticF [2 ArcTan [ M} , * ]

pl/4 2

221 a4 ~/bx¥3 +ax
Result (type 5, 131 leaves):

+
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1
4641 a* Vb x/3 +ax
2/3 5 4 ,,2/3 2 b3 4/3 3 K2 2 4 8/3 510/3 5 s 1 1 3 b
2x%/3|-154b° - 44ab* x?3+20a2b> x*3 -12a3 b2 x? + 741 a* b x®¥3 + 663 a° x%/3 + 462 b Hypergeometric2F1[-~, =, =, - 2/3}
42 4 ax
Problem 133: Result unnecessarily involves higher level functions.
jx\/bx1/3+ax dx
Optimal (type 4, 213 leaves, 8steps):
12b3+vbx¥3+ax 36b%2x*3+vbx¥3+ax 4bx*3+/bx3+ax
- + +
77 a3 385 a2 55a
6 b15/4 (\/F+\/?x1/3) %@2 x1/6 EllipticF[ZAr‘cTan[M], ]
2 (\/?H/? X1/3) p1/4 2
=x?+/bx*3+ax -
5 77 at3/4 /b x¥/3 1 ax
Result (type 5, 118leaves):
1 . 11 5 b
2xY3 |30b*+12ab>x*3 - 4a2b?x*3+91a°bx?+77a* x¥3+30b% |1+ Hypergeometric2F1[~, —, =, - ]
385a%Vbx'3+ax ax?/3 4 2 4 ax¥3

Problem 134: Result unnecessarily involves higher level functions.

Jxlbx1/3+ax dx

Optimal (type 4, 323 leaves, 8 steps):
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al/4 x1/6

b1/4

], L

4b% (b+ax?3) x/3 4abx3+\/bx3+ax
- + +
5377 (Vb « Va7 Vb rax 152
469/ (ﬂ/—b a X1/3) % x1/6 E1lipticE [2 ArcTan |
+\Va XV

2

“x+Jox3ax

; 5274 o X T ax

9/4 1/3 brax?/3 1/6 3 i al/t x/6 1

2 b9/ («/b +4/a X ) ﬁ X ElllpthF[ZAr‘CTan[blT], ;}
b +\/a x/3
574 Vb T ax

Result (type 5, 94 leaves):

2/3 2 2/3 2 y4/3 2 b : i1 3 b
2 X (Zb +7abx?315a2x43_6b /1+ax2/3 Hyper‘geometr1c2F1[74, Y 7ax2/3]

15avVbx3+ax

Problem 135: Result unnecessarily involves higher level functions.
J\/bx1/3+ax 4

X

X

Optimal (type 4, 123 leaves, 5steps):

/: / /
2b3/4 (\/b +vVa x1/3) —beax®® /e EllipticF[ZAr‘cTan[M], ]
<ﬁ+\/?x1//3) pl/4 2
2+/bxt3vax +
al’4+/bx3+ax

Result (type 5, 71 leaves):

1/3 2/3 _ b i 1,8, 20
2x (b+ax 2b [1+ 7 Hypergeometric2F1[, >, %, ax2/3]]

Vbx3 +rax

Problem 136: Result unnecessarily involves higher level functions.
j\/bx1/3+ax

dx

X2
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Optimal (type 4, 325leaves, 8steps):
12a%2 (b+ax?¥3) x'/3 6Vbx3+ax 12aVbx¥3+ax

Sb (/b +/a x2) /Bx7 s ax 5 x 5b x/3
12 a%/4 (\/F+\Ex1/3> _ brax 16 EllipticE[ZAr‘cTan[M}, l]
(\/FH/? X1/3) 2 pl/4 2

5b3/4+/bx3+ax

6a°/4 (\m +Va x1/3) _brax?? - x/€EllipticF [2 ArcTan [ altxt/e ’,(1/6 ] , l}
(\/F+ a X1/3) pl/4

5b3/4/bx3+ax

Result (type 5, 97 leaves):

1

6 1 3, b ]
4’ 2’ 4’ ax¥/3

b2+3abx?3+2a2x*3-2a% [1+ bm x*/3 Hypergeometric2F1 [—
a X/

5bx2/3+/bx3+ax

Problem 137: Result unnecessarily involves higher level functions.
Jm

dx

x3

Optimal (type 4, 188 leaves, 7 steps):

10 a4 (/b ++/a x1/3 __brax?? . 1/6 EllipticF[ZAr‘cTan[M}, l]
(\/b +V a x1/3)2 pl/4 2
6vVbx3+ax 12a+vVbx¥3+ax 20a?+/bx¥3+ax
- - + +
11 x? 77 b x*/3 77 b% x?/3 77b%4 /b x2/3 + a x

Result (type 5, 108 leaves):

~42b%-54ab?x??+8a’bx*3+20a>x? -20a> |1+ 2 x?Hypergeometric2F1[%, %, 2, 2]
ax2/3 4 2 4 ax2/3

77 b2 x5/3 /b x13 +ax
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Problem 138: Result unnecessarily involves higher level functions.

dx

J\/bx1/3+ax

x4

Optimal (type 4, 413 leaves, 11 steps):

308a%2 (b+ax2/3) x/3

6Vbx¥3+ax 12avbx¥3+ax 44a/bxt3iax
- - +

1105 b* (\/FJr\Hxl”) Vb x13 +ax

308aVbx¥3+ax 308a*+bx'3+ax
+

17 x3 221bx7/3 663 b2 x°/3

308274 (Vb o2 x3) | e
(\/Fﬂ/?xlﬁ)z

x1/6 E1lipticE [2 ArcTan [

al/4 x1/6

pl/4

]

1

2

]

3315 b3 x 1105 b* x1/3

+

1105 b13/4 /b x1/3 + a x

154 g17/4 (W+\Exl/3) b+a x%/3
(\/F+\/a_x1//3)z

x1/6 E1lipticF [2 ArcTan [ M] , l}

bl/4

N

1105 b15/4 /b x1/3 + a x

Result (type 5, 136 leaves):
1

3315 b* x8/3 /b x¥3 +ax

2 |585b° +675ab*x*3-20a%b>x*3+44a3b*>x?>-308a*bx®3-462a°%x¥3 14623 |1+

a x2/3

Problem 139: Result unnecessarily involves higher level functions.

X

Vb x1/3 +ax
Jidl

x>

Optimal (type 4, 276 leaves, 10 steps):

x*/3 Hypergeometric2F1 |-

)




12avVbx¥3+ax 68aZ+vbx¥3+ax 884al+bx¥3+ax 7956a*+/bx3+ax

bx*3+ax
- + +
23 x4 437 b x19/3 2185 b2 x8/3 24035 b3 x? 168 245 b* x*/3
1326 a23/4 (\/b ++/a x1/3) —b:ax? L 1/6E11ipticF (2 Ar‘cTan{M} =]
(Vo /3 x/2) bt/2 2

2652 a°> Vb x3 +ax
33649 b5 Xz/3 33649 b21/4“/bX1/3+aX

Result (type 5, 145leaves):

2 (21945 b® + 24255 a b®> x?/3 - 308 a2 b* x*/3 + 476 a3 b> x*> - 884 a* b% x8/3 + 2652 a° b x1%/3 +

1 5
> Ty T
2 4

b
- ] / [168245b5x11/3x/bx1/3+ax

a x?/3

x* Hypergeometric2F1 |

FNQEI

6630a°x*-6630a° |1+
a X2/3

Problem 140: Result unnecessarily involves higher level functions.

sz (bx1/3+ax)3/2d1x
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Optimal (type 4, 298 leaves, 11 steps):
1768 b5 bx3 +rax  1768b°>x?3/bx¥3+ax 1768b*x*3+/bx¥3+ax 136b3x2Vbx¥3 +ax 8b2x¥3+/bx¥3iax
- + - + +
100947 a° 168245 a* 216315 a3 19665 a2 1311 a
884 b27/4 (\/b ++/a x1/3) —beaxt?  y1/6 E11ipticF [2 ArcTan [ 22X ] 1]
. , (VB vz w2 b4 2
—bx¥®3\bx*3*+ax +—x3 (bx1/3+ax)3/2—
2 100947 a?'/4\/bx'/3 + ax

69

Result (type 5, 155leaves):
1

1514205 a°> Vb x¥/3 +ax

13260 b7 + 5304 a b® x?/3 - 1768 a® b> x*/3 + 952 a3 b* x? - 616 a* b3 x¥/3 + 216 755 a° b? x*?/3 + 380380 a® b x* + 168 245 a’ x'*/3 +

2 X1/3

b

a x2/3

)

N |

5
y T
4

H R

Hypergeometric2F1|

| 35
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Problem 141: Result unnecessarily involves higher level functions.

Jx (bx1/3+ax)3/2d1x

Optimal (type 4, 408 leaves, 11 steps):

88 b° (b +ax?/3) x/3 88b*x3+/bx3+ax 88b3x\bx3+ax
N _

24 b2 x>/3+/bx3 +ax
- + +
1105 3772 (ﬂ/b +v/3a x1/3) Vb X3 + ax 3315 a3 4641 a2 1547 a

88 h21/4 (\/F+\/?Xl/3) b+ax?/3
12

) (VB 3 x2)
—— px’/3 /bx1/3+ax —— (bx1/3+ax)3/2+
7

119

x1/® E1lipticE |2 ArcTan| M] s

bt /4

1105 a4 /b x'/3 + ax

44 p21/4 (ﬂ/b +/a x1/3) _ biax??

(oo ) x1/6 E1lipticF[2 ArcTan[ 222, i]

pl/4

1105 al5/4 /b x1/3 1 a x
Result (type 5, 131 leaves):
1
23205a%vVbx¥3+ax
2x?%/3 |308b° + 88ab*x?¥3-40a%b3x¥3+4665a%b?x?+7800 a* b x®3 +3315a° x1®/3-924b> |1+
Problem 142: Result unnecessarily involves higher level functions.
J(bx1/3+ax>3/2d1x
Optimal (type 4, 208 leaves, 8 steps):
8b3v/bx¥3+ax 24bZ2x?*3+/bx¥3i+ax 12
_ " + —bx*3\bx¥3+ax +
77 a2 385a 55
4 b1>/4 (\/F+\/?x1/3) LBZ x1/6 EllipticF[ZAr‘cTan[M},
(VB +va xi3)

Ex (bx1/3+ax)3/2+
5

pl/4

a x2/3

77 a%/4\/bxt3 +ax

Hypergeometric2F1 |-
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Result (type 5, 118leaves):

1 b
2xY3 |-20b*-8ab3x?3+131a%b?x*3+196a*bx?+77a*x¥3-20b* |1+ Hypergeometric2F1|
385a2+/bx'3 +ax ax??

)

Problem 143: Result unnecessarily involves higher level functions.

)3/2

(bx1/3+ax
J—dlx

X

Optimal (type 4, 319leaves, 8 steps):

2 2/3) y1/3
8b (b+ax )X +4—bx1/3xlbx1/3+ax+
s\a (Vb +Va 1) VoXT rax S

8b%/4 (Vb + /3 x3] | bt

3 3 1/4 y1/6
(W+\G x1/3>2 x1/6 EllipticE {2 ArcTan [ a/7X} , %]

b1/4
(bx1/3+ax)3/2—

w N

5a%4+/bx'3+ax

4 /4 (\/F+ \/?X1/3) __brax?

x1/6 E1lipticF [2 ArcTan| M] 2]
(\/FM/ZT x1/3)2

b1/4 2

5274 /bx1? s ax
Result (type 5, 91 leaves):

2/3 2 2/3 2 y4/3 2 b i i1 3 _b
2 X [11b +16abx¥3+5a2x43+12b ,1+axz/3 Hyper‘geometr‘lczFl[—A, I —axw}

15vVbx13 +ax

Problem 144: Result unnecessarily involves higher level functions.

J(bx1/3+ax)3/2

2

dx
X

Optimal (type 4, 144 leaves, 6 steps):
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4 33/4 p3/4 (x/b ++a x1/3) —beax® a6 EllipticF[2ArcTan|

(Wﬂﬁ x1/3>2

al/a y1/6

pl/4

]

1
2

]

2 (bx1/3+ax>3/2
4a+/bx*3+ax - +
X Vbxt3+ax

Result (type 5, 82 leaves):

2 42 ,4/3 b 2/3 : i1 5 __b
b2-a?x*3+4ab /1+ax2/3 X Hypergeometr1c2F1[4, Y aXZ/B]]

x/3+/bx¥3 +ax

2

Problem 145: Result unnecessarily involves higher level functions.

dx

J(bx1/3+ax)3/2

x3

Optimal (type 4, 350 leaves, 9 steps):

8a°/2 (b+ax?3) x/3 4a+bx3+ax 8a2v/bx¥3+ax
5b (Vb «Va x3) Vbx?rax 5% 5bx'/3
8a”* (Vb +/a xi3) — 222 ,1/6 F11ipticE[2 ArcTan [ X7 ] 1]
(WM/? x1/3)2 bt/* 2

3 x2 5b3/4/bxi/3+ax

bra x?/

(\/FHH X1/3)2

5b34/bx3rax
Result (type 5, 108 leaves):

4 3%/4 (W +/a x1/3) x/6 E1lipticF [2 ArcTan [ al/:l%] s ﬂ

2|5b>+16ab2x?3+23a2bx¥3+12a3x2-12a% |1+ 2 x2Hypergeometric2F1l [—

1
ax¥/3 4° 2° 4° ax?/3

15bx*3/bx3+ax

Problem 146: Result unnecessarily involves higher level functions.

dx

J(bx1/3+ax)3/2

x4
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Optimal (type 4, 213 leaves, 8steps):
12avVbx¥3+ax  24a%2+/bx3+ax 8atvbx¥3iax
_ N _

55 x? 385 b x4/3 77 b? x?/3
4 a1%/4 (\/b ++/a x1/3) — b2 /6 E11ipticF [2 ArcTan [ 25X0 ] 1]
(Vb +va x/3) b1/4 2

2 (bx1/3+ax)3/2
.

5 %3 770%4/bx¥3 +ax
Result (type 5, 123 leaves):

1
- 2 (77b*+196ab3x?3+131a%b?x*3-8a>bx*-20a*x%3+20a* |1+

385b2 x7/3/bx'3+ax ax?/3

b

8/3 : 5
x8/3 Hypergeometric2Fi | =,
4 ax??

1
>
2

FNQRN

Problem 147: Result unnecessarily involves higher level functions.

dx

j(bx1/3+ax)3/2

x5

Optimal (type 4, 438 leaves, 12 steps):

88a'/? (b+ax??) x*/3 12a+bx*3+ax 24a2+/bx*3+ax 88a*+/bx3+ax 88a*+/bxY3 iax
- - - + - +
1105 b* (w/b ++/a x1/3) Vbx3+ax 119 x3 1547 b x7/3 4641 b? x°/3 3315 b3 x
88 a21/4 (\/ b +Va x1/3) Xl y1/6 E]1ipticE [2ArcTan]| _31,41);1/5 ] ﬂ
1/3 /
8825bx?rax 2 [(bx'?+ax)?? (Vo efat] b
- +
1105 b4 X1/3 7 X4 1105 b15/4 m

44 321/4 (\/ b ++/a x1/3) —beax?? 16 E]]ipticF [2ArcTan| Cae Sl 1, %]

(Vb +a x/3)? b1/4 2

1165 b25/4 /b x1/3 +rax

Result (type 5, 1451eaves):
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~ |12 13315b% + 7800 a b® x*/3 + 4665 a2 b* x*/3 - 40 a®> b3 x? + 88 a* b? x¥/3 - 616 a° b x*%/3 -

924 a%x*+924a% |1+ x* Hypergeometric2F1| -

b
) - ] /(23205 b* x*/3 /b x3 +ax

3
4 ax?3

IS

a X2/

Problem 148: Result unnecessarily involves higher level functions.

dx

J(bx1/3+ax)3/2

x6

Optimal (type 4, 301 leaves, 11 steps):
4a+/bxt3+ax 8a?+Vbx3+ax 136a*+Vbx3+ax 1768a*+/bx¥3+ax 1768a°Vbx'/3+ax
- - + - +

69 x* 1311 b x1e/3 19665 b2 x8/3 216315 b3 x? 168 245 b* x4/3
884a77/4 (Vb ++/a xd3| | A/SEIlipticF [2ArcTan[ X5, ]
3/2 (Vb +a x/3)? b1/4 2
1768 a6 Vbx3+ax 2 (bx*3+ax)
100947 b5 x2/3 9 x° 100947 b21/4 /b x1/3 + 3 x

Result (type 5, 160leaves):

—-||21168245Db” + 380380 ab® x?>/3 + 216755 a®> b> x*/3 - 616 a> b* x? + 952 a* b3 x¥/3 - 1768 a° b% x%/3 + 5304 a® b x* +

13260a’ x**/3-13260a” |1+

x*4/3 Hypergeometric2F1| ~,

1 b
= s - ] / (1514205 b® x13/3x/bx1/3+ax)
ax?/3 4

Problem 149: Result unnecessarily involves higher level functions.

X4
——  dx
J\/ bx'/3 +ax
Optimal (type 4, 304 leaves, 11 steps):



11050 b% /b x¥3+ax 2210b°x%23+/bx¥3+ax 15470b*x*3+/bx¥3+ax 1190b3x2+V/bx3+ax 350b2x83+bx'3+ax
- + - +

14421 a’ 4807 a® 43263 a° 3933 3% 1311 a3
5525 b27/4 (\/b +va x1/3) %/32 x/® EllipticF [2 Ar‘cTan{al’:‘l—?‘l’/s} , %]
1/3 //4
50bx/3/bxt3+ax 2x*Vbx3+ax (WH/?X/)
+ _
207 a? 9a 14421 32/ /b x1/3 + a x
Result (type 5, 155leaves):
1
2 x'3 116575 b7 + 6630 a b® x?/3 - 2210 a% b> x*/3 + 1190 a3 b* x? -
43263 a’ Vbx'/3 +ax
1 1 5 b
770 a* b3 x®/3 + 550 a° b x1®/3 - 418 a® b x* + 4807 a’ x'*/3 + 16575b” |1+ Hypergeometric2F1 [ =, =, =, -
ax 4 2 4 a x?/3
Problem 150: Result unnecessarily involves higher level functions.
X3
ji dx
Vbxt3 +ax
Optimal (type 4, 414 leaves, 11 steps):
4181° (b + ax??) x1/3 4186 X3 bxT 1 ax  2090b° x VEXTT 1 ax 57002 x5 /bx3 s ax
_ 4 _ + _
221 gli/2 ( b +Va X1/3) Vbxt3rax 663 a° 4641 a* 1547 a3
418 b2L/4 (\/ b ++a x1/3) %/32 x1/6 E11lipticE [2 ArcTan| 31’:17’:1/6] s %]
1/3 /
38bx72\Vbxt3+ax  2x3Vbx¥3+ax WFN?X/)
+ + -
119 a2 7 a 221 2234 /b x2/3 © a x
209 p2l/4 (\/b ++a x1/3) %’3/2 x1/® EllipticF |2 Ar‘cTan[%] 2]
(VB +va x| bY 2
221 a%/4+/bx¥3 +ax

Result (type 5, 131 leaves):

1.1.4 Improper.nb

| 41
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1
4641 a°> b x3 +ax
b 11 3 b
2x?%/3 11463 b° + 418 ab* x?/3 - 190 a’ b> x*/3 + 114 a® b2 x2 - 78 a* b x®/3 + 663 a° x1?/3 - 4389b> |1+ Hypergeometric2F1[-~, =, =, -
ax?*/3 4’ 27 4 ax2/3
Problem 151: Result unnecessarily involves higher level functions.
XZ
Ji dx
Vb x13 +ax
Optimal (type 4, 216 leaves, 8steps):
78b3Vbx¥3+ax 234b2x*3+/bx¥3+ax 26bx*3+/bxY3+ax
- + - +
77 a* 385 a3 55 a2
39 pis/4 (W+ﬁx1/3) —beax?®__ 1/6 E11ipticF [2 AncTan|[ 20X 1]
(VB v ) e 172
2x2V/bx'3+ax
N
5a 77 al7/* /b x¥3 + ax
Result (type 5, 118leaves):
1 1/3 4 3 2/3 2 W2 4/3 3 2 4 .,8/3 4 s 1 1 > b
2xY3 |-195b*-78ab3x?3+26a2b>x*>-14a3bx?*+77a*x¥3-195b* |1+ Hypergeometric2F1[~, =, =, - ]
385a*vVbx'3 +ax ax?/3 4 2 4 ax¥/3

Problem 152: Result unnecessarily involves higher level functions.

X
—— dx
J\/ bx3+ax
Optimal (type 4, 326 leaves, 8 steps):
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14b? (b +ax?/3) x/3 14bx¥3+/bx/3 +ax
- +
5 35/2 (ﬁ/b +/3 x1/3)“/bx1/3+ax 15 a?
14 b%/4 (\/b +Va x1/3) —beaxt® /6 E1lipticE [2ArcTan[ 25X, 1]
2xVbx3+ax SERER o ’
+
— +
3a 53114 +/px/3 1 ax
7 b%/4 (\/b ++/a x1/3) — b y1/6 EllipticF[ZAr‘cTan[M], ]
(\/F+\/? )(1/3)2 bl/4 2
5alv4+/bx3+ax

Result (type 5, 94 leaves):

2/3 2 2/3 2 ,,4/3 2 b : 1 1 3 __b
2x (7b ~2abx?31+5a2x%3+21b /1+axz/3 Hypergeometric2fF1[- 7, >, 2, axz/s]

15a2+vVbx¥3 +ax

Problem 153: Result unnecessarily involves higher level functions.

1
—dXx
J\/ bx'/3 +ax
Optimal (type 4, 126 leaves, 5steps):

b4 (Vb +a x¥/3) [ Bt USEllipticF[2 ArcTan[ @00 ], L]
3 (/B /@ x/2) e 122
2Vbx**+ax
a a5/4«/bxl/3+ax

Result (type 5, 73 leaves):

1/3 2/3 b ; 1 1 5 b
2 X (b+ax +bmHyper‘geometr‘1c2F1[4, 2? a° _axz/3]]

avbx'/3+ax

Problem 154: Result unnecessarily involves higher level functions.

1
J—dlx
xVbx3+ax
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Optimal (type 4, 294 leaves, 7 steps):

6 al/4 (\er\/?xl/?') Lﬂz x1/6 EllipticE[ZAr‘cTan[al’:li’/‘:/6
i 1/3 /
6+/a (b+ax??) x1/2 6 \Vbx 1 ax (Vorrfarer)
b(\m+\/;x1/3) Vb x/3+ax b x1/3 b3/4+/bxt3 +ax
3al/4 (\er\/;xlB) _brax?? ~ x/® EllipticF[ZAr‘cTan[ial/a’fl/G], l}
(W+ a X1//3) p1/4 2
b3/4/bx'3 +ax
Result (type 5, 74 leaves):
2/3 b 2/3 s 1 1 3 b
6 |b+ax?3-a 1+ax2/3 x2/ Hyper‘geometr‘1c2F1[—4, I —aXZ/J
bVbx3+ax

Problem 155: Result unnecessarily involves higher level functions.

1
——— dx
szx/bx1/3+ax
Optimal (type 4, 163 leaves, 6 steps):

, Y
5a’/4 (\/b ++vVa x1/3) —beax®® /e EllipticF[ZArcTan[%], i]
1/ /
bx3+ax 10a+vbx¥3+ax Yoz )
+ +
7 b x43 7 b% x2/3 7b%4 /b x3 1 a x

Result (type 5, 97 leaves):

2 2/3 2 y4/3 2 b 4/3 + i1 5 __b
-6b2+4abx?3+10a2x*3-10a /1+ax2/3 X Hyper‘geometr‘1c2F1[4,2,4, axz/g]

7b2x/bx3+ax

Problem 156: Result unnecessarily involves higher level functions.

1
——  dx
Jx3\/bx1/3+ax
Optimal (type 4, 388 leaves, 10 steps):
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154a7/2 (b +ax?/3) x/3 6Vbxt3+rax 22avVbx¥3+ax 154a2+bxY3+ax
- - + - +
65 b4 (ﬁ/b +/3 x1/3) Vb X3+ ax 13 bx7/3 39 b2 x°/3 195 b3 x
154 g13/4 (\/b +vVa x1/3) —beax® 1/ EllipticE[ZAr‘cTan[M], ]
b +a xl/'3) bl/4 2
154 a3 Vb x3 +ax (
N _
65 b* x1/3 65b25/4 /b x1/3 + 3 x
77 al3/4 (\/b ++/a x1/3) —beax®® /6 EllipticF[ZAr‘cTan[M}, ]
(VB +va x/3) b1/4 2
65 b1%/4 /b x1/3 + ax

Result (type 5, 121 leaves):

1

b 1 1 3 b
-90b*+20ab>x*3-44a2b®x*>+308a°bx®>+462a* x> -462a% |1+ x8/3 Hypergeometric2F1[- =, =, =, - ]
195 b* x> Vb x*/3 + ax a x?/3 4" 2 4 ax23
Problem 157: Result unnecessarily involves higher level functions.
1

J— dx

x* Vb x3 +ax
Optimal (type 4, 251 leaves, 9 steps):

6VbxY3+ax 34a+/bx¥3rax 442a%+/bx3+ax 3978a*+/bx'3+iax
_ + _ . _

19 b x19/3 95 b2 x8/3 1045 b3 x? 7315 b* x*/3
663 al®/4 (\/F +Va x1/3) —bwax?? /e EllipticF [2 ArcTan [ /st ] , l}
(Vo a x2) bt/4 2
1326 a* /b x¥/3 + ax
1463 b> x?/3 1463 b21/4 /b x/3 + 3 x
Result (type 5, 134 leaves):
1
7315 b°> x3 /b x1/3 +ax
5 4.,2/3 2 3 473 3242 4 8/3 5 ,10/3 5 10/3 ; 115 b
-2310b° + 308 a b® x“/° - 476 a“ b° x"’° + 884 a° b“ x“ - 2652 a” b x*/° - 6630 a’ x + 6630 a 1+ X Hyper‘geometr‘1c2F1[f, — — -
ax?/3 4 27 4 ax/3
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Problem 158: Result unnecessarily involves higher level functions.

4

Jx—cﬂx
(bx1/3’+ax)3/2

Optimal (type 4, 437 leaves, 12 steps):

4807 b5 (b + ax2?) x1/3 3 x4 4807 b 13 b x5 ax 2403563 x BXT 1 ax 655502553 VbxTT s ax
_ _ + _ + _
221 al3/2 (\/b +a x1/3) Vbx*3iax  avbxt3iax 663 a® 4641 a° 1547 a*
4807 b21/4 (\/ b ++a x1/3) —baax?? > xY®EllipticE[2ArcTan| 731/:11(1/6 ] ﬂ
1/3 /4
437bx’3/bx¥3+ax 23x3Vbx3+ax (Wﬂ/?x )
+ + -
119 a3 7 a2 221 22774 /b x2/3 1 a x
4807 b21/4 (\/ b ++a xl/-”) —beax®® /6 E1]ipticF [2ArcTan| e 1, %]
(Vo /3 x2) bt/ 2
482 746X T ax
Result (type 5, 131 leaves):
1
x?/3 133649 b° + 9614 a b* x?/3 - 4370 a2 b3 x*/3 +
4641 a® /b x1/3 + ax
1 1 3 b
2622 a3 b2 x%- 1794 a* b x33 +1326a° x1%/> - 100947b°> |1+ Hypergeometric2F1[-~, =, =, - ]
ax?/3 4 20 4 ax2/3

Problem 159: Result unnecessarily involves higher level functions.

3
— dx
j(bx1/3+ax)3/2

Optimal (type 4, 239 leaves, 9 steps):
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3x3 663b3\Vbx¥3+ax 1989b2x2/3+/bx3+ax 221bx*3+/bx3+ax
_ + _

+

avVbxi3+ax 77 a° 385 a% 55 a3
663 b15/4 (/b ++/a x1/3 —brax¥? /6 EllipticF |2 Ar‘cTan[M} > 2]
W \EXI/B 2 pl/4 2
17 x2/bx¥3 +ax ( : )
N
5a? 154 a21/4 /b x1/3 1 a x

Result (type 5, 118 leaves):

1
385a° Vb x'3 +ax
11 5 b
x1/31-3315b% - 1326 ab> x¥/3 + 442 a2 b2 x¥3 -238a% b x? + 154 a* x¥/3 - 3315b* |1+ Hypergeometric2F1[ =, —, =, - ]
a x2/3 4 2 4 ax?/3
Problem 160: Result unnecessarily involves higher level functions.
XZ
J— dx
(bx1/3+ax)3/2
Optimal (type 4, 349leaves, 9steps):
77 b? (b +ax?/3) x/3 3 x2 77bx13+/bx1/3 +ax
- - +
5a7/2(\/F+\/?x1/3)\/bx1/3+ax avbx3+ax 15a°
7707 (b 42 x| —beax?__ 1/6 E11ipticE [2 ArcTan [ 20X, 1]
(\/FM/ET x1/3) bl/4 2

11xVbx¥3+ax
- +
3 a2 5al%/4/bx13+ax

77 b%/4 (\/b ++/a x1/3) —brax?? _ y1/6 E]]ipticF (2 Ar‘cTan[M} » 2]
(Vb +va x/3)° b1/ 2
102154 /b x13 +ax

Result (type 5, 94 leaves):

2 2/3 2 ,4/3 2 b : 1 1 3 b
-77b%-22abx*?+10a*x*>+231b ,1+ax2/3 Hyper‘geometr1c2F1[—4, 50 40 7ax2/3]

15a3vVbx¥3 +ax

x2/3
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Problem 161: Result unnecessarily involves higher level functions.

Jécﬂx
(bx¥/3+ax)??

Optimal (type 4, 149leaves, 6 steps):

5 p3/4 (\/F Va X1/3> beax®® /6 E1lipticF [2ArcTan]| e 15 2]
3x 5+/bx23 +ax (VB3 ) o ?
+
- + -
avbx!3+ax a’ 2a%4+/bx'3 +ax

Result (type 5, 76 leaves):

23 b ; 11 5 b
5b+2ax*’>+5b l1+ax2/3 Hyper‘geometr‘1c2F1[4, S 4,—ax2/3]]

a2vVbx13+ax

x1/3

Problem 162: Result unnecessarily involves higher level functions.

J;dlx
(bx1/3+ax)3’/2

Optimal (type 4, 296 leaves, 7 steps):

3 (\/F + \/?Xl/s‘) —biaxth — xV6EllipticE[2 Ar‘cTan[—2’1/41/’/‘:/s ], 2
3 (b+ax?3) x/3 3 x2/3 (VB +a x/2) b
- + +
\/?b(\/?+\/?x1/3)\/bx1/3+ax bvVbx3+ax a34p34\bx13 vax
3 (\/F +Va x1/3) bt a6 EllipticF |2 Ar'cTan[—al/‘1 ’/‘1/6 1, 2]
(\/FH/? X1/3)2 pl/4 2
2a%4p34/bx3rax

Result (type 5, 65 leaves):

b . 11 3 b
-1+ [1+ Hyper*geometrchFl[—;, 27 2 ]

3 x2/3
ax2/3 ax2/3

bvbx3+ax
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Problem 163: Result unnecessarily involves higher level functions.

J ! dx
X (bx1/3’+ax)3/2

Optimal (type 4, 158 leaves, 6 steps):

5a3/4 (\/b ++a x1/3) —beax®® a6 EllipticF |2 Ar‘cTan[ial/A)fl/s], 2]
3 5+/b x1/3 (VB3 ) - ’
Vb x3 +ax
bx3+/bx'3+ax b? x?/3 2b%4+/bx'3 +ax
Result (type 5, 81 leaves):
2/3 b 2/3 . 1 1 5 b
-2b-5ax?3+5a |1+ o X Hyper‘geometr‘1c2F1[4, > oa - ax2/3]
b2 x*/3 /b x'/3 +ax

Problem 164: Result unnecessarily involves higher level functions.

J = dx
x2 (bx1/3+ax>3/2

Optimal (type 4, 383 leaves, 10 steps):

3 77a%% (b+ax?/3) x!/3 11vVbx¥3+ax 77avbxY3+ax
+ - + -
bx*3+/bx3+ax 5b* (\/b ++/a x1/3) Vbx'3 +ax 3b% x5/ 15b% x
77 29/4 (\/F +vVa x1/3) brax¥/? ~ x/®EllipticE [2 Ar‘cTar1[7al/4xl/6 } s l]
(Vb a2 s 12 2
77 a2/ bx13 +ax
— +
5 b* x1/3 5b15/4 /b x1/3 1 a x
77 a%/4 (\/b +/a x1/3) — b2 /6 E1lipticF[2ArcTan[22X2 ] 1]
(Vb +/a x/3) b¥/¢ 2
10 b1/4 /b x¥/3 + ax

Result (type 5, 108 leaves):
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1

b
-10b3+22ab?x?>3-154a%bx*3-231a%x*>+2313a° -
15 b* x4/3 /b xt/3 + ax ax?/3
Problem 165: Result unnecessarily involves higher level functions.
1
J dx
x> (bx1/3+ ax)3/2
Optimal (type 4, 246 leaves, 9 steps):
3 17Vbx¥3+ax 221avbx3+ax 1989a2+bxl/3+ax
- + - +
bx7/37/bx'3+ax 5 b2 x8/3 55 b3 x? 385 b* x*/3
663 al>/4 (\/F +a x1/3) _beax?? e EllipticF [2 ArcTan [ al/txt/e ] B l]
(Vb ova xi3)? b/e 72
663 a3 Vbx3+ax
N
77 b5 x2/3 154 b21/4 /b x3/3 + a x
Result (type 5, 123 leaves):
1
385b° x’/3/bx¥/3 +ax
1 1 5 b
-154b* + 238 ab3 x?/3 - 442 2% b? x*3 + 1326 a> b x? + 3315a* x¥/3 - 3315a* |1+ x8/3 Hypergeometric2F1[ =, —, =, ]
ax?/3 a’ 27 4 ax/3

Problem 166: Result unnecessarily involves higher level functions.

J ! dx
x4 (bxl/-?’+ax>3/2

Optimal (type 4, 471 leaves, 13 steps):
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3 4807 a''/2 (b +ax?/3) x1/3 23\Vbx3+ax 437abxY3+ax 6555a2+/bx3+ax 24035a3/bx3+ax
- _ + _ . _
bx3+/bx/3+ax 221b’ (q/b +va X1/3) Vb X3 + ax 7 b2 x11/3 119 b3 x3 1547 b* x7/3 4641 b> x>/3
4807 a2t/4 (\/b +Va x1/3) %@1/32 x1/® EllipticE |2 Ar‘cTan[eﬂ;—;‘:/G] » 5]
4807 a* Vb x'/3+ax 4807a°+Vbx¥3iax (Vo) ’
+ + -
663 b® x 221 b7 x1/3 221 b27/4 /b x2/3 + a x
4807 a21/4 (\/ b ++/a x1/3) —brax?? /6 E]]ipticF [2ArcTan]| 2LXR 1, %]
(VB /3 x) bt/ 2
442 b7/4\[bx13 1 ax
Result (type 5, 1451leaves):
1 6 52/3 2 1W4 4/3 3 K3 2
-1326b° + 1794 a b> x/° - 2622 a“ b” X"’ + 4370 a> b> x° -
4641 b7 x1®/3 /b x'/3 + a x
4 1,2 ,,8/3 5 10/3 6 4 6 4 s 1 1 3 b
9614 a* b2 x8/3 + 67298 a° b x1%/3 + 100947 a® x* - 100947 a° |1+ x* Hypergeometric2F1[-~, =, =, - ]
ax?/3 4”27 4 ax23

Problem 281: Result unnecessarily involves higher level functions.
Jx’3’3” (ax?+bx?)"dx
Optimal (type 3, 70leaves, 2 steps):

x4-3n (ax2+bx3)1*” b x3 (1+n) (ax2+bx3)1*"

a(2+n) a2 (1+n) (2+n)

Result (type 5, 58 leaves):

x 230 (x2 (a+bx))" (1+ ba%‘)_n Hypergeometric2F1[-2-n, -n, -1 -n, —ba—x]

2+n

Problem 289: Result unnecessarily involves imaginary or complex numbers.

[
— dx
ax?+bx®
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Optimal (type 4, 238 leaves, 3 steps):

4+/2++/3 ax <a1/3 +bl/3 x) a?/2-al/? b1/2 x> 52 EllipticF [Ar‘cSin [ M] , -7-4 \/?]
((1+\E) al/3.pl/3 X)z (1+\/?) al/3.+b1/3 x

2\Vax2+bx®

5b 1/3 (41/3,11/3
5 31/4 pa/3 a’ (a’+b’ X) JaxZ+bx®
((1+ﬁ) al/34b1/3 x)z

Result (type 4, 165 leaves):

1

-6 (—b)l/:"x2 (a+bx?) +
15 (—b)4/3 x2 (a+bx3>

\/_ <_1>5/6_ i(-b)¥3x

al/3

J» (-2)*7]

1/3
4133/434/3)(\/ (_1)5/5 [_1+ M

(-B)"Px  (-b)*Px .
y 1+ + EllipticF [ArcSin|
a

al/3 32/3 31/4

Problem 290: Result unnecessarily involves imaginary or complex numbers.

X
——  dx
J\/ ax?+bx®
Optimal (type 4, 212leaves, 2 steps):

2/2++/3 x (at/? + b3 x) \/ a?/3-al/? b1/2 x> Xzz EllipticF [ArcSin| 1-V3 | 2Pt |, -7-4+/3]

((1+\/?) al/3.+p/3 x) (1+\/?) al/3.+p1/3 x

/3 1/3 1.1/3
1/4 p1/3 3> [a¥2b"2 x) Vaxtibxs
3¥%b \/ ((1+\/?) al/3,pl/3 X)z ax2+bx

Result (type 4, 141 leaves):



EllipticF [ArcSin|
a1/3 a2/3 31/4

(fb)1/3x (fb>1/3x <fb>2/3x2 \/_(_1>5/6_i_(?b1/31/)l
“alBXJ(_l)S/s [17 J“ ’ L1/

(3% (-6)*2 /< (a0 ]

Problem 291: Result unnecessarily involves imaginary or complex numbers.

1
—— dx
szx/ax2+bx5
Optimal (type 4, 243 leaves, 3 steps):

y _ 1/3,p1/3
\2++/3 b23x (a3 + b3 x) \/ a?/3-at? b1/2 xib? 2 EllipticF [ArcSin| uu} , -7-4 \/?}

(<1+\/?) al/3:pt/3 X)Z (1+\E> al/3:bt/3 x

Vax?+bx®
2ax? 1/3 ( 1/3,p1/3 )
a*/? [a*/?+b*/? x
2 3143 : - Vax?+bx®
((1+ﬁ) al/3,p1/3 x)

Result (type 4, 171 leaves):

(—b>1/3X
,3(7b>1/3 <a+bx3)—1'133/4a1/3bxz (71)5/6 14
al/3
(—b)1/3x (_b)2/3 x2 \/ (71)5/67 : :)1/31/3)( 13 13
1+ s EllipticF [ArcSin| e I, (-1)Y2] /(6a(7b> x [ (a+bx)

Problem 292: Result unnecessarily involves imaginary or complex numbers.

XS
— dx
Jx/ ax?+bx’
Optimal (type 4, 514 leaves, 5 steps):
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8ax (a+bx?) 2xVax2ibx5
_ +
7b5/3((1+\/?)a1/3+b1/3x)“/ax2+bx5 7b

2/3 _ 41/3 B1/3 2/3 2 1-+/3 ] a3 +b3x
4 31442 /3 a%3x (a1/3+b1/3 x) a ambri X b7 X EllipticE[Ar‘cSin[ ( ) }, —7—4\/?} /
TRGETTE 13 a5 b

+

1/3 (41/3 | pl/3

a a2 +b*°x

7 b>/3 ( ) Jax?+bx® | -
2

((1+\/?) a1/3+b1/3x)

82 a*3x (a3 + b3 x) 2?33 b1/2 xib? 2 EllipticF [ArcSin| M} , -7-4 \/?}
((1+\E> al/3.p1/3 X)Z (1+\E) al/3:p1/3 x

7 34 b5/3\/ ((31/3 [a¥/2+672 x| Nryzaya

1+ﬁ) al/3.pl/3 X) :

Result (type 4, 228 leaves):

5/6 1/3 1/3
N NPT GNP el i I PO B s
21b./x2 (a+bx3> (—b)2/3 al/3 al/3 a2/3
e s (o) i
a a
-1+/3 EllipticE [ArcSin| e ], (-1)*?] + (-1)*? EllipticF [ArcSin | e 1, (-1)*7]

Problem 293: Result unnecessarily involves imaginary or complex numbers.

X2
—— dx
Jx/ ax?+bx’
Optimal (type 4, 484 leaves, 4 steps):
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2x<a+bx3)

0273 (1443 ) at* s b1 x) VaxZ s 36

a2/3 _ al/3 pl/3 y ; p2/3 x2 (
3144/2-+/3 a3 x (a3 + b3 x) EllipticE [ArcSin|
((1+\/?) a1/3+b1/3x)2 (1+ﬁ/3>a1/3+b1/3x

13 | a3 b3 x

J,-7-av3]|/

/3_a1/ / + / . . . 1*\/? 1/3+b1/3
2/2 at/?x (a3 + b3 x) \/ F(:i;;)b:;i;j::;zz EllipticF[ArcSin| j—)—(hﬁ) :1/3+b1/3i} , ~7-4+/3]

al/3 (al/3 4 pl/3
b2/3 ( ) Jaxt+bx® |+
2
( (1 /3 ) al/3 , pl/3 x) at/? (a1/3409 )
31/4 p2/3 (( Vax?+bx®

1+\/?) al/3:pt/3 X) 2

Result (type 4, 202 leaves):

5 (_1)1/6 42/3 1156 | 1 (-b)**x
2 (e a0 B0

a1/3 a2/3

\/1+ (—b)l/sx ) (—b)2/3x2

\/_(_1>5/6_14—_b)& \/_(_1>5/6_i(—b)1/3x
1/3 1/3
~1i+/3 EllipticE [ArcSin| o ’ ], (-1)¥3] + (-1)Y? EllipticF [Arcsin| o ’ ], (-1)*?] / (31/4

(-0)2 5 [a+0] |
Problem 294: Result unnecessarily involves imaginary or complex numbers.

1
——— dx
Jx Vax?+bx®
Optimal (type 4, 510leaves, 5 steps):
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b3 x (a+bx3) vax2+bxs

T PN W

1-/3 ) al/3 | pl/3

a2/3 _ a1/3 b1/3 b2/3 2
3944/2-4/3 b3 x (al/? 1 bV X) X EllipticE[Arcsin| |

, -7-44/3
1++/3 ) a3+ b3 x 1+/3 ) a3+ b3 x
(1075) E s | |/

2/3_31/3 p1/3 y,p2/3 x2 . . A 1-/37) al/24p?/3 x
V2 b2 x (61/3 +b1/2 X) \/ (a(lmj?) a1/3X+b1/3 X)Sz Elliptick [APCSIn [ (1+\E) al/3.p1/3 x} 74 \/?}

1/3 1/3 1/3
a at’? + bt x
2323 ( ) - ax?+bx® |+
( (1 ++/3 ) al/3 4+ pl/3 x) al/? (al/34b1/% x| ——
31/4a2/3 (( ax2+bx5

1+ﬁ) al/3.p1/3 X)z

Result (type 4, 225leaves):

Z1)5/6 [_a1/3 4 (_p) Y3« _p)1/3 )23 %2
- -3 (a+bx?) + ! (—1)1/633/4a2/3bx\/< ) ( +(-h) )\/1+( ) X+( )*7 x

33 2 <a+bx3) (7b)2/3 a1/3 a1/3 a2/3

\/_(_1>5/6_i(—b)1/3x \/_(_1>5/6_i(—b)1/3x
1/3 1/3
~i+/3 EllipticE [Arcsin]| o ), (-1)*2] + (~1)¥® EllipticF [ArcSin] o S

Problem 295: Result unnecessarily involves imaginary or complex numbers.

X13/2
—— dx
J\/ ax*+bx®
Optimal (type 4, 265 leaves, 5steps):

(292 (13 | 0¥ %) 2 (13 ) x4

/ /3 1/ Y 13, (1-+/3 ) pl/3
723 x3/2 (al/? + b1/3 x) 2?2 a2 bPxeb2 E114ptick [ArcCos | 2 ], L (2 ++/3 ) ]
7avax?+bx® x*2+/ax?+bx’
- + +

20 b2 \/x 5b ) .
bl/3 x (al/3+b1/3x)
1/4 12 2 5
40 - 3%b \/ (e (17 bl/fx)z Vax®+bx

Result (type 4, 194 leaves):



(—3)1/3

b1/3 %

X

x¥2 -3 (-a)¥3 (7a?+3abx®-4b?x°) -713%%a? b1/3\/ (-1)%° (-1+

(-a)2/3 N §7a)1//3x +x2 \/ (71> 5/6 i b(;/as);ﬁ
b2/3 Zbl/s EllipticF [Ar‘cSin[ T L (71> 1/3] / (60 (—a)l/3p2 [x? (a +b x3)
3

X

Problem 296: Result unnecessarily involves imaginary or complex numbers.
X11/2
ji dx
Vvax?+bx®
Optimal (type 4, 525leaves, 6 steps):
5(1+3 ) ax’? (a+bx?) A b
1473 ) b x] ax b 4b

+

8 b5/3 (a1/3 .

(al’/3+(1+\/?) b/3 x)2 al/3+<1+\/?) b/3x 1’

2/3_41/3 p1/3 2/3 2 . . al/2: (1-4/37) b3 x
5 31/4 a4/3 X3/2 (al/3+b1/3 X> \/ a*/?-a'/° b3 x+b X ElllpthE [APCCOS[ ]

bl/3 x (al//3+b1/3 x)
5/3 \/ﬁ
8 b \/ (al//3+(1+\g) p1/3 X)z axs + b X

al/3 . (1_\/?) bl/3 x
EllipticF [Ar‘cCos [ ] s

1
(a1/3+(1+\/?) b1/3x)2 a1/3+(1+ﬁ) bl/3 x 4

aZ/3 _ a1/3 b1/3 X + b2/3 XZ

5 (1 B \E) a%/3 x3/2 (a1/3 + bl/3 x)

b1/3 x (a/3 + b1/3 x)
16  31/4p>/3 \Jax?+bx®

(a1/3+ (1+\/?) bl/g’X)2

Result (type 4, 362 leaves):

23011/
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1 a2/3 a1/3 X

+
b2/3 b1/3

1
2 (71+ (71)2/3) b

_X2

Vx SaX(—

+2x3 (a+bx3) -
8b./x? <a+bx3)

q1\1/3 1/3 1/3 _ (_1\1/3 h1/3
ATV PO Nl e el il o Ja%(l)”bmx

<a1/3 + bl/3 X) 2 al/’3 1 pl/3 x

3+i /3 ) bY3x 3+i+/3 ) b3 x
1/3,p1/3 -1 3 1/3,p1/3 —1 3
(-3 i3 ) Elliptice[Arcsin[ —————], “r} ¢ (144 V3] EllipticF[Arcsin] =], “r}
V2 i+4/3 N2 i+4/3

Problem 298: Result unnecessarily involves imaginary or complex numbers.

J X7/2

——  dx

vax?+bx®

Optimal (type 4, 237 leaves, 4 steps):

a2/3 x3/2 (al/3 L bl/3 X) az’/f*al’g bt/> X*bz/’/s Xzz EllipticF [Ar‘cCos [ %(ﬂ)%] s i 2+ \E) }
\/Zib':" (a1/3+<1+\/?) b1/3x) av +(l+\/?) b'/3 x
aXxXc+DbX
2 b \/? 1/ 1/ 1/
g gvap | XN et
(24 (103 ) 63/
Result (type 4, 178 leaves):
1
6 (-a)2b/x? (a+bx?)
. i(-a)l/3
o [ [
x32 13 (~a)13 (a+bx?) +i3¥%abl? | (-1)°/° [-1+ s b Xzb/ EllipticF [ArcSin| e ], (-1)*7]
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Problem 299: Result unnecessarily involves imaginary or complex numbers.

XS/Z
J — X ax
Vax?+bx®
Optimal (type 4, 492 leaves, 5 steps):

2/3_a1/3 p1/3 v h2/3 y2 L. al/3+(1-4/37) /3 x
31/4 a1/3 x3/2 (a1/3 4 p1/3 x) \/ a2 b xsbC E]]ipticE|[ArcCos | i (2+\/3 )]

[1033) 2 (a1 0% s o) RO

b2/3 (a1/3 + (1+\/3 ) bl/3 x) Vvax?+bx® 13y (a1/3.01/3
23 b x(a/ +b?Y/ X) 5 3
b2/ - Vax?+bx
(al//3+(1+\/?) bl/3 X)
a2/3 _ al/3 pl/3 x4 p2/3 y2 al/3 4+ (1 -3 ) bl/3x 4

(1 - \E) al/3 x3/2 (al/3 +bt/3 x) \I EllipticF [Ar‘cCos[

(al/3+(1+\/?) b1/3x)2 a1/3+(1+\/?) b1/3x] 4

1/3 1/3 1/3
2 3Y4p2/3 b2 x (a1 + b7 x] AJax?+bx®

(a1/3+ (1+\/?) b1/3X>2

Result (type 4, 340leaves):
1

x2 (a+bx3>

aZ/S a1/3 %

Vx x( + %2

b2/3 b1/3

+ ! (-1)%2 a3 (a%/? + b3 x)z\l (1+ (_1)1/3) b™ x (al/s_ (-3)7 e X) \/31/3+ (-1)*7bt3x

2 (—1+ (—1)2/3> b (al/? + b1/3 x) 2 al/3 4 pl/3 x

3+i /3 | bY3x 3+i /3 | bY3x

al/34p1/3 x ] -1 +\/? al/34p1/3 x -1 +\/?

NPy EERRE) NPy ) ]'Hﬁ}

(-3-1+/3 ] EllipticE [ArcSin]

] + (1+1+/3) EllipticF [Arcsin]
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Problem 301: Result unnecessarily involves imaginary or complex numbers.
J Vx
— dX
vax?+bx®

Optimal (type 4, 203 leaves, 3 steps):

(31/3+(1+\/3*) pl/3 X)Z a1/3+(1+\/?) pt/3 5 1’

/ / / / X X 1/3, 1-+/3 pl/3
x3/2 (al/? + b1/3 x) \/ A A SR ET T [ArcCos | adad ca BB L X] 1 (2 +4/3 ) ]

31/4 41/3 \/ ( b/% x (31/3+b1/3 X) VaxZ+bxo

al/3. (1+\E) bl/3 X)Z

Result (type 4, 151 leaves):

[ _q\5/6 _i(aY?

(_a)1/3 (—8)2/3 (_a)1/3 \/ (1> bl/3 x

2ibY3 | (-1)%° [-1+ s ) Ls o = x*/2 E1lipticF [ArcSin| " ], (-1)?] /
b/ x b3 x b/ x 3

(31/4 (-2)1 [x? (a+bx)

Problem 302: Result unnecessarily involves imaginary or complex numbers.

1

dx
Jﬁm
Optimal (type 4, 519leaves, 6 steps):



2 (1+\/?) bl/3 x3/2 (a+bx3>

a (a1/3+ (1+\5) b1/3x) Vvax?+bx®

2vVax?+bx®

a x3/2

/- /: /
22/3_31/3 p1/3 w1 b?/3 x2

(al/"3+ (1+\/?) pl/3 X) 2

2 3M4pt3x3/2 (a3 4 p1/3x) \/ EllipticE[ArcCos|

al/3+(1-4/3 b1/3x] 1

al/3s <1+\/?) bY/3 x
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(2+\/?)]

’ g

Vvax?+bx®

1/3 1/3 . p1/3
32/3 b x(a +b%/ x)
(a/2+ (143 7) b2/ x)z
a2/3 _ gl/3pl/3 x 4 p2/3 x2

<a1/3+ (1+\/?) bl/g’x)2

EllipticF [ArcCos |

(1_\/?) pl/3 y3/2 (a1/3 +pl/3 x) \I

b1/3 X <a1/3 + b1/3 X)

(a1/3+ (1+\/?) b:l/g'x)2

31/4 a2/3

\Jax?+bx®

Result (type 4, 341 leaves):
! 2%

a/x? (a+bx3)

al/3 . (1_ﬁ) bl/3 x

al/3 4 (1+\/?) bl/3 x

1
1 2/3 .1/3 ( i

(—1)1/3) bl/3 x (a1/3— (—1)1/3 pl/3 x) al/3 . (71)2/3 bl/3 x

2/3 b1/3 X — a1/3 b2/3 X2 +

_a+a (-1)*7a

<a1/3 + b1/3 X) 2 \I

] —i++/3
’ i++/3

2 (71+ (71)2/3)

3+1+/3 | b3 x

al/34bt/3 x

V2

(-3-i+/3 ] EllipticE [ArcSin]

al/3 1 pl/3 x

J

—]'].+\/?

<a1/3 + bl/3 X) 2

3+i /3 ) bY3x

al/34bt/3 x

]+ (1+ i \/?) E1lipticF [ArcSin| ]s ]

V2 i+4/3

Problem 304: Result unnecessarily involves imaginary or complex numbers.

1
Jx5/2 Vax?+bxs
Optimal (type 4, 235 leaves, 4 steps):

dx
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/3_a1/3 b1/ / o V(143 ) b1/
2 b x3/2 (al/s + bl/3 X) \/ 22/3_31/3 p1/3 x4 p2/3 x2 ElllptlcF{Ar‘CCOS{a—(—)—X} i (2+1/3 )}

2 \/27“ (81/3+ (1+\E) b?/3 x)z al/3, (1+\/?) pt/3y 1’
ax®+bX

5ax’/2 ( )
b/3 x (al/3+bY/3 x

1/4 54/3 2 5

5 3Y%a \/ (al/3+(1+ ; ) bmx)z ax+bx

Result (type 4, 176 leaves):

(—a)?/? . (—a)1/3 x 2 _ (71)5/6 _i(-a)?
1/3 3 . 23/4 1.4/3 5/6 (-, b?/3 bt/ s . b*/> x 13
6 (-a)¥3 (a+bx?) -41i3%%b (-1) -1+ . X . EllipticF [ArcSin| e 1, (-1)*?] /

(15 (-a)*3 %2 [x? (a+bx?)

Problem 305: Result unnecessarily involves imaginary or complex numbers.

1
j dx
x/2[ax2+bx®
Optimal (type 4, 555 leaves, 7 steps):
8(1+\/?) b*/3 x3/2 <a+bx3) 2Vax2+bx® 8bvaxlibx®
- - +
7 a2 (a1/3+(1+\5) b1/3x)m 7ax? 7 a%x*/?

+

(#2/5+ (1/7) 0/2x)7 a7 (1/3 ) 0o (2 ! \/?) ]

2/3_41/3 p1/3 y . p2/3 x2 A A al/3:(1-/37) b3 x
8 31/4 b4/3 X3/2 <al/3+b1/3 X> \/ a a'/3 b/ x+b%/? x ElllpthE [APCCOS[ ]

N
bl/3 x (al/3+bY/3 x
7 a%/3 ( )2 Vvax?+bx®
(al//3+ (1+\E) b1/3 X)
1/3 1/3
a2/3 _ al/3 pl/3 x4 p2/3 x2 a’?+ (1—\/3 ) b+’ x

4 (1-+3) b*3 372 (aV2 4 613 x) EllipticF [ArcCos | I, = (2+v3])] /
(al/3+(1+\/?) b1/3x)2 a1/3+(1+\/?) bl/3x 4

e s b1/ x (al/3 4 b1/ x| -
7 31/4 3% Jax?+bx®

(a1/3+ (1+\/?) bl/e‘x>2
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Result (type 4, 369 leaves):

1 2% |-4b*3x (a2/3—a1/3 b1/3x+b2/3x2) . <a+bx3) (—a+4bx3) )
7a%./x? (a+bx3) x3
1/3 1/3
;2 <_1>2/3 a3 p <a1/3+b1/3 x)2 (1+ (*1> ) bl/3 x (a1/3 _ (71) pl/3 x) al/3 . (_1)2/3 bl/3 x
-1+ (*1)2/3 <al/3+b1/3x>2 al/3 L pl/3
i V3 ) bx 3+i+/3 | b3 x
(—3— i \/?) Ellip‘ticE[ArcSin[ L ] - +\/?} + (1+ ]'l\/?) ElliptiCF[Ar‘cSin[ al/3:b%/3 x ] -1 +\/?}

\/? ’ J'1+\E \E J ler\/?

Problem 307: Result unnecessarily involves imaginary or complex numbers.

1
j dx
x1/2+/ax? +b x>
Optimal (type 4, 265 leaves, 5 steps):
/ % // + / . . 1/3+ -V3 bl/B
16 b2 x3/2 (al/? + b'/3 x) \/ 2?2 PO xsb P E]ipticF [ArcCos | ui)—x]

(a1/3+(1+\/?) p1/3 X)z 31/3+(1+\/?) bl/3 x

(243 ]

1
>4

2Vax?+bx® 16bvVax?+bx°
- + +

13/2 2 y7/2
1lax 55 a“ x 1/3 ( 1/3,p1/3 )
b'/? x {a'/?+b'/? x
55  31/437/3 - — Vax?+bx®
(al/3+(1+\/?) bt/3 X)

Result (type 4, 190 leaves):
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_a)1/3
6 (-a)¥? (-5a*+3abx®+8b>x°%) -32i3¥4b7/3 | (-1)°° (-1+ s

b1/3 %

(73/2_/34__(_)_7:; 1/3)(+x2 \/<1)5/6Lk()1—/a3);;/3
b2 2b1/3 EllipticF [Arcsin] — ], (-1)*3] /(165 (—a)72x%2 [x2 (a+bx)
N 3

Problem 328: Result more than twice size of optimal antiderivative.

j(aXerx“)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a+bx'3) 13

169b

Result (type 1, 160 leaves):

12 13
ax + ia“bxz"’+ 2al‘ab2x39+ §a9b3x52+ %as b* x®° + 132 a’ b> x’® +
13 13 13 13 13 13
12 169
132 aG b6 X91 4 % a5 b7 X104 4 ﬁ a4 b8 X117 n 2 a3 b9 X130 n i aZ ble X143 4 l a bll X156 4 b X
13 13 13 13 13 13 169

Problem 329: Result more than twice size of optimal antiderivative.

Jxlz (ax+ bx26)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a +b XZS) 13
325b
Result (type 1, 160 leaves):

a12 X25

+ — allpyse, 22 al® p2 x75 . 1 a9 b3 x19° . 29 a8 b4 x125 . 132 a7 b> x15@
25 25 25 5 25 25

12 325
132 ab b® x175 . 29 a% b7 x29° . 1 a% b8 x225 . 22 23 b2 x25° . 6 a2 ple x275 1 a bll x300 b™* x
25 25 5 25 25 25 325

+



Problem 330: Result more than twice size of optimal antiderivative.

sz“ (ax+ bx38)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a+bx37) B

481 b

Result (type 1, 160 leaves):

12 37
amx’ 6 allp x4 4 22 310 p2 5111 55 2° b3 x148 99 28 b® X185 132 a7 bS x222 4
37 37 37 37 37 37

132 99 55 22 6 b12 x481

ab bb x259 4 22 a5 b7 x296 , 22 g4 8 x333 , 22 33 9 370, 2 42 ple 4407 1 a bll x444
37 37 37 37 37 37 481

Problem 332: Result more than twice size of optimal antiderivative.

J(ax+ bx”)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a +b X13) 13

169b

Result (type 1, 160 leaves):

12 13
a’x N ialle26+ Ealeb2x39+ §a9b3x52+ %as b* x55 132 a’ b x78 +
13 13 13 13 13 13
12 169
132 ab b® x°! - 9 a5 b7 x194 . 55 2% b8 x117 4 22 a3 b2 x130 . 6 a2 ple x143 1 3 bl x156 b™* x
13 13 13 13 13 13 169

Problem 333: Result more than twice size of optimal antiderivative.
J(a x2+b x27)12 dx
Optimal (type 1, 16leaves, 2 steps):

(a + bXZS)13

325b

Result (type 1, 160 leaves):

1.1.4 Improper.nb | 65



66 | 1.1.4 Improper.nb

alZ X25 6

11 b XSO + E al@ b2 X75 + E a9 b3 XlGO + % a8 b4 X125 + 132 a7 b5 X150 +

+ —a
25 25 25 5 25 25
12 ,325
132 a6 b6 X175 + % aS b7 XZ@@ + E a4 b8 X225 + E a3 b9 XZS@ + i a2 bl@ X275 + i a b11 XBOO + b X
25 25 5 25 25 25 325

Problem 334: Result more than twice size of optimal antiderivative.

J(a x> + bx“e)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a +b X37) B

481b

Result (type 1, 160 leaves):

12 437
a ° X 6 22 55 99 132
+ allp x74 4 ale p2 y 111 39 b3 x148 . 28 b4 x185 . a’ b5 x222

37 37 37 37 37 37

12 481
132 a6 b6 x259 29 a5 b7 x2% 55 a4 b8 x333 4 22 23 b2 x37° . 6 32 ple y4e7 1 a bll 444 b™* x
37 37 37 37 37 37 481

Problem 335: Result more than twice size of optimal antiderivative.

J(a X"+ b xt3m) 2 ax

Optimal (type 3, 27 leaves, 2 steps):
(a +b X1+12m> 13

13b (1+12m)

Result (type 3, 193 leaves):
1

13 +156m
1716 ab b® x6+72M ;. 1287 a5 b7 x7*84M , 715 a% b8 x8+96M , 286 33 b2 x9+108Mm , 78 52 p10 y10+128m 3 5 pll ,11+132m  p12 X12+144m>

X1+12m (13 a12 +78 all b X1+12m + 286 a1e bZ X2+24m + 715 a9 b3 X3+36m + 1287 a8 b4 X4+48m +1716 a7 bS X5+60m 4

Problem 336: Result more than twice size of optimal antiderivative.

J(a XM+ bxl*‘”")5 dx

Optimal (type 3, 27 leaves, 2 steps):



1.1.4 Improper.nb | 67
(a +b X1+5m>6

6b (1+5m)

Result (type 3, 88leaves):

X1+5m (6 a5 +15 a4 b X1+5m +20 a3 bZ X2+10m +15 aZ b3 X3+15m +6a b4 X4+20m + bS X5+25m)

6+30m

Problem 348: Result more than twice size of optimal antiderivative.

JXP (ax"+bxt13nP) 12 9x

Optimal (type 3, 29leaves, 2 steps):

(a + b x1+12 n+p) 13

13b (1+12n+p)

Result (type 3, 232 leaves):
1

13 (1+12n+p)

xl¥i2nep (13 al2 , 78 all p x1+12n+P , 286 33 b2 0 (1+12n+p) | 78 g2 p10 x10 (1+12n+p) | 13 g p1l 11 (1+12n+p) | p12 12 (1412n+p) | 2@@ 210 2 y2+24n+2p

715 a9 b3 X3+36 n+3p + 1287 aS b4 X4+48 n+4p +1716 a7 b5 X5+60 n+5p +1716 a6 b6 X6+72 n+6p + 1287 a5 b7 X7+84 n+7p + 715 a4 bS X8+96 n+8p>

Problem 349: Result more than twice size of optimal antiderivative.

Jxlz (a +b x13) 12 gx

Optimal (type 1, 16leaves, 1 step):
(a+bx3?) 3

169 b

Result (type 1, 160 leaves):

12 13
2 X +ia11bX26+Ealebzx39+§a9b3xsz+%a8b4x65+12a7b5X78+
13 13 13 13 13 13

132 99 55 22 6 1 b12 x16°
25 b6 3O + 22 25 b7 x104 | 22 4 b8 x117 , T2 3 9 x 130 , O 52103143 | = o 11,156

13 13 13 13 13 13 169
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Problem 350: Result more than twice size of optimal antiderivative.

Jxlz (ax+ beG)12 dx

Optimal (type 1, 16leaves, 2 steps):
(a+bx*) B

325b

Result (type 1, 160 leaves):

12 ,25
aXx + i all b XSO + 2 ale b2 X75 " E a9 b3 XIOO + % a8 b4 X125 + 132 a7 bS X150 +
25 25 25 5 25 25
12 325
132 ab b x175 . % a° b’ X200 i E a4 bS X225 ¥ 2 a3 b9 X250 i i a2 ble X275 ¥ i ab!! X300 n b™ x
25 25 5 25 25 25 325

Problem 351: Result more than twice size of optimal antiderivative.
Jxlz (ax? +bx*) 2 ax
Optimal (type 1, 16leaves, 2 steps):

(a + bx37)13

481 b

Result (type 1, 160 leaves):

12 37
a’Xx + 6 allp x74 4 22 all p2 x111 55 29 b3 x148 9 28 b4 x185 . 132 a’ bs x222 .
37 37 37 37 37 37
12 4481
132 ab b x259 . 2 as b7 x29 . 55 a% b8 x333 4 22 23 b2 x37° . 6 32 plo x407 1 a bll x444 b x
37 37 37 37 37 37 481

Problem 352: Result more than twice size of optimal antiderivative.
sz“ (a+bx*) 2 gx
Optimal (type 1, 16leaves, 1 step):

(a + bXZS)13

325b

Result (type 1, 160 leaves):



12 25
a’x . 5 allp x59 4 22 al® p2 x75 . 11 2% b3 x1ee . ik a8 b% x125 . 132 a7 b x5 .
25 25 25 5 25 25
12 325
132 a6 b6 x175 . 9 aS b7 x2%° . 11 a% b8 x225 . 22 a3 b2 x25° . 6 32 p1@ 275 1 a bll x3e@ b x
25 25 5 25 25 25 325

Problem 353: Result more than twice size of optimal antiderivative.
sz“ (ax+b x38)12 dx
Optimal (type 1, 16leaves, 2 steps):

(a + bx37)13

481b

Result (type 1, 160 leaves):

12 437
a’x i 6 allp x74 4 22 310 p2 x111 55 39 b3 x148 . 2 38 b4 X185 . 132 a’ b5 x222
37 37 37 37 37 37
12 481
132 a6 b6 x259 29 a5 b7 x2% 55 a4 b8 x333 4 22 23 b2 x37° . 6 32 ple y4e7 1 a bll 444 b™* x
37 37 37 37 37 37 481

Problem 354: Result more than twice size of optimal antiderivative.
JX?’S (a+bx*7) 12 gx
Optimal (type 1, 16leaves, 1step):

(a + bx37)13

481 b

Result (type 1, 160 leaves):

12 (37
a”x s — allp x4, 22 all p2 x111 55 29 b3 x48 . 9 28 b4 x185 . 132 a7 bS x222 .
37 37 37 37 37 37
12 4481
132 ab b x259 . 9 as b7 x29 . 55 a% b8 x333 . 22 a3 b2 x37° . 6 32 plo 407 1 a bll x444 b™* x
37 37 37 37 37 37 481

Problem 378: Unable to integrate problem.
jvfx

a 3/2
7+bx“) dx
X

1.1.4 Improper.nb
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Optimal (type 3, 117 leaves, 5steps):
2332 c+/x ArcTanh [ L]

2acx i+bxn 2(cx)3/2(§+bx”)3/2 N
X
+ _
1+n 3¢ (1+n) (1+n) Vex

Result (type 8, 25leaves):
J\/cx (i+bx“)3/2d1x
X

Problem 380: Unable to integrate problem.

J(CX>7/2

Optimal (type 3, 122leaves, 5steps):

5 s R . 2a32c*/x APcTanh[L}
2ac” (cx) X—3+bx 2 (cx)92 (%+bx”)3/2 32 /gmx"
X

a 3/2
f+bx”) dx
X3

+ —

3+n 3¢ (3+n) (3+n) Vex
Result (type 8, 25leaves):

J(C X>7/2

Problem 392: Result more than twice size of optimal antiderivative.

a 3/2
— +bx" dx
X3

1
Jidlx
Vax?+bx"

Optimal (type 3, 37 leaves, 2 steps):
2 ArcTanh | —\@]

ax?+bx"

Va (2-n)

Result (type 3, 78 leaves):

n/2 ax" . axli
2/b x [1+ b ArcSinh| e ]

va (—2+n) Vvax?+bx"

F
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Problem 396: Result more than twice size of optimal antiderivative.

J /1 ’
X
x> [ Z+bx"
X

Optimal (type 3, 40leaves, 3 steps):
2 ArcTanh [ —*L]

\/?CZ <2+n)
Result (type 3, 81 leaves):
2+/a+bx2m (Log[x%"] ~Log[a++/a Va+bx¥" ])

a ¢? (2+n)x l:—2+bx“

Problem 409: Unable to integrate problem.

1
J dx
a+b x®
X3

Optimal (type 3, 32 leaves, 3 steps):
2 ArcTanh [ M}

a
2 ibx?
)

5vVb
Result (type 8, 17 leaves):

1
dx
a+bx®
X3
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Problem 410: Result more than twice size of optimal antiderivative.

J 1
dx
x2-n (a +b x”)

Optimal (type 3, 37 leaves, 3 steps):
2 ArcTanh [ L]

b x%+ax?™"
Vb n
Result (type 3, 76 leaves):
2x7 /arbx" ArcTanh [M]

a+b x"

Vb n./x2n (a+bx”)

Problem 413: Unable to integrate problem.

1
J dx
a-bx®
X3

Optimal (type 3, 33 leaves, 3 steps):
2 ArcTan [ M]

:T’b x2
5/b
Result (type 8, 18 leaves):

J 1
dx
[ bt
Problem 415: Result more than twice size of optimal antiderivative.

\J\
dx
X (a+bX )




1.1.4 Improper.nb | 73

Optimal (type 3, 37 leaves, 3 steps):
2 ArcTanh [ M]

b x%+ax"

Vo (2-n)

Result (type 3, 78 leaves):

n 1"
2+/a xv2 [1+2¢" Apcsinh[YbX ]
a \/?

i \/F(—2+n)\/bx2+ax”

Problem 416: Result more than twice size of optimal antiderivative.

J 1
dx
x? (b+a x‘z”‘)

Optimal (type 3, 37 leaves, 3 steps):
2 ArcTanh| —bx

bx%+ax"

Vo [2-n)

Result (type 3, 78 leaves):

n 1"
2+/a x2 140" Ar‘cSinh[L’ — }
\/ a Va

. \/F(—2+n)\/bx2+ax”

Problem 417: Result more than twice size of optimal antiderivative.

\J\
dx
\/X(bX+aX )

Optimal (type 3, 37 leaves, 3 steps):
2 ArcTanh| —bx

bx%+ax"

Vo (2-n)

Result (type 3, 78 leaves):
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2+/a x2 |14t Ar‘cSinh[M}
R Ve

Vb (—2+n) bx2+axn

Problem 418: Result more than twice size of optimal antiderivative.

J 1
dx
X" (a-bx*")

Optimal (type 3, 38leaves, 3 steps):
2 ArcTan [ —bx

-bx2+ax"

Vb (2-n)

Result (type 3, 80 leaves):

n 1"
2+/a xv2 10" Ar‘cSin[L’X “]
a .\/?

Vb (-2+n) V-bx?+ax"

Problem 419: Result more than twice size of optimal antiderivative.

J 1
dx
\/xz (-b+axn)

Optimal (type 3, 38leaves, 3 steps):
2 ArcTan| —*@]

-bx2+ax"

Vo [2-n)

Result (type 3, 80 leaves):

n
2+/a xv2 [1- 92" ppcgin[ b e
a x . rc 1n[ . ]

\/F (—2+n) V-bx%+ax"




Problem 420: Result more than twice size of optimal antiderivative.

J dx
\/x bx+ax‘1+“)

Optimal (type 3, 38leaves, 3 steps):
2 ArcTan [ —bx

-bx2+ax"

Vb (2-n)

Result (type 3, 80 leaves):

n
2+/a xv2 [1- 22" ppcgin[ b xe
a x . rc 1n[ . ]

. \/F(—2+n)\/—bx2+ax”

Problem 421: Result more than twice size of optimal antiderivative.

J(cx)"‘ (axj+bx“)3/2d1x

Optimal (type 5, 107 leaves, 3 steps):

3n 3n )
2bx™" (cx)"vVaxd+bx" Hyper‘geometricZFl[—%, —2 1+ 2 _ax ]

(2+2m+3n) [1+ 250
b

Result (type 5, 218leaves):

2 (cx)" (2+4j+2m—n) x " (axj+bxn) (a (2—j+2m+4n) x4 b (2+2j+2m+n> Xl”"*") +

) axin 1 2+4j+2m-n 2+6j+2m-3n axin
3a% (j-n)?xt23 1+ J J ] /

Hypergeometric2F1| =, s ’ -
2 2j-2n 2j-2n b

((2+4j+2m—n) (2+2F+2m+n) (2+2m+3n) JaxI+bx"

1.1.4 Improper.nb | 75



76 | 1.1.4 Improper.nb

Problem 437: Result unnecessarily involves higher level functions.

! dx
J (a x1/3 i b x2/3> 1/3

Optimal (type 4, 988 leaves, 11 steps):
1/3+ Xz/s 1/3
45 a2 (a 12 bX1/3> ( M]

a? 45a (a+bx'/3) x/3 9 (a+bx!3) x?/3

- - +

s311/3 2 1/3 2/3)1/3 1/3 2/3)1/3
14 21/3 p3 [1_4/3 _92/3 [_M] ](ax1/3+bx2/3)1/3 28b% (ax?/3+bx?3) 7b (ax'?+bx?3)

aZ

3\ 1/3 ;3\ 2/3
b (a+b x¥/3| x¥/3 b (a+bx¥/3) x¥/3
1+22/3 [ ) +2 . 21/3 [

b (a+bx1/3> x1/3 a? a

45 3Y44/24+4/3 a* (1_22/3

1/3]

b (arbx/?) x2/2 | 173
1+4/3 722/3 (J—L)

aZ

a2

[1_\/?-22/3 [-

b (arb x2/3) x3/3 ] 1/3] 2

aZ

b (ax¥?+bx¥3) 13
[— ] EllipticE [ArcSin|

-7 +4+/3 /
\[3 - 22/3 b (a+b x¥/3) x¥/3 1/3]’ " ]
1-+/3 -2% [ )

aZ

aZ

;3\ 1/3
b (a+bx¥/3) x1/3
1_22/3 [_4(—)_}

28 21/3 b3 (a+2bx1/3) (a X:I'/BerXz/?’)l/3
b (acbxt/3) x1/3 | 1/3 2
2/3
1-+v3 -2 ( 2 J
1/3) /3 )\ 1/3 1/3) y1/3 ) 2/3
1+22/3 _b a+b x| x ) 21/3 _b a+b x'/?) x
3/4 J4 2/3 b (a+bX1/3) xt/3) 13 @ @

15 - 3%¥4a% |1 - 2%

2

a

a2

b (a+b x%/3) x1/3 1/3)2
171/3722/3 (J—L) J




aZ

b (arbxt/3) x/3 | /3
1+A/3 _22/3 [_J—L)

b 1/3 . px2/3)\1/3
[ (ax : %) ] EllipticF[ArcSin| |, -7+4+/3] /
a

1-+/3 -2273 [-

b (a+b x%/3 X1/3)1/3

aZ

a2

1-22/3 ( b (a+b x¥/3 xl/3)1/3

7 2°/%p3 <a+2bx1/3) (ax1/3+bx2/3’)1/3

a2

b (arbxt/3) xt/3 | 1/3 2
[1_4/3_22/3 [__(—)_] ]

Result (type 5, 99 leaves):

1/3
9 |-5a2x¥3-abx?3+4b2x+5a? (1+ M) x'/3 Hypergeometric2F1[ 1, 2, 2, —M])
a a

28b? ((a+bx'/3) x1/3)1/3

Problem 438: Result unnecessarily involves higher level functions.

! dx
J (a x/3 . b x2/3> 2/3

Optimal (type 4, 487 leaves, 9 steps):
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18a(a+bx1/3)x1/3 9(a+bx1/3)x2/3
+

5 b2 (ax1/3+bx2/3)2/3 5b (ax1/3+bx2/3)2/3 :

b (a+bx3) x1/3 ?

a a?

6 21/3 33/4 27"/3 a4

/ /5y 1/3 / /
14+ 22/3 [_J—L +2 213 | _

J2/3

2

1- 22/3 (

a

32

1/3}
b (asbx?/3) x1/3 ) 1/3 2
(11/322/3 (_(—)_] ]

aZ

/ 3\ 1/3
b (a+bx¥/3) x¥/3
1+4/3 _22/3 [_J—L]

2

[ b (axt/3 + b x2/3)
a

2/3
] EllipticF[Ar‘cSin[

|, -7+4+3] /

aZ

/ 1/3
b (a+bx1/3) x1/3
1-+/3 - 223 {- ]

2

1722/3 _
a

5b | - (a+2bx13) (ax?/?+bx?3)%?

[1 V3 22/3[ M]IBJZ

b (a+bx¥/3) x1/3 J 173

aZ

Result (type 5, 98 leaves):

2/3
9 (—Za2 x13 _abx?3+bx+2al (1+ M) x'/3 Hypergeometric2F1[ 1, 2, % ——b"l/s])
a

5 b2 ((a+bx1/3) x1/3)2/3

Problem 453: Result more than twice size of optimal antiderivative.
Jx’l*”’p (@ (ax"+bxP)?dx
Optimal (type 3, 39leaves, 1step):

xP () (axn 4 bxp)tHd

a(n-p) (1+q)

Result (type 3, 100 leaves):
x7P (1+a) (1+ E”:%’p)’q (ax"+bxP)A (axn (1+ a§’p>q+bxp (—1+ (1+ %)qw

a(n-p) (1+q)




Test results for the 298 problems in "1.1.4.3 (e x)"m (a x"j+b x"k)"p (c+d x*n)*q.m"

Problem 220: Result unnecessarily involves imaginary or complex numbers.
JXS/Z (A+Bx*) A/bx®+cx* dx

Optimal (type 4, 243 leaves, 7 steps):
4b% (3bB-5Ac) Vbx?+cx* 4b(3bB-5Ac)x¥2vbx?+cx* 2 (3bB-5Ac)x2Vbx?+cx*

231 c3+/x 385 ¢? 55c¢

+

2b'/4 (3bB-5Ac) x (W+\Ex> (WLJi)Z EllipticF[ZAr‘cTan[M], i]
+y C X

1/4
2Bx3/2 (bx2+cx4)3/2 Y

15 ¢ 231234 /bx? + c x4
Result (type 4, 177 leaves):

1 5 30b3B+2bc?x? (15A+7Bx2)-2b2c(25A+9Bx2)+7c3x4 (15A+11Bx2)
2./x (b+cx2) "

1155 3 VX

&’

o
10ib® (-3bB+5Ac) [1+-2 EllipticF[jArcSinh[E}, -1]
cXx

Vx

b (pecx?)

C

Problem 221: Result unnecessarily involves imaginary or complex numbers.
JXB’/Z (A+BX*) A/bx®+cx* dx

Optimal (type 4, 369 leaves, 8 steps):
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4b% (7bB-13Ac) x*2 (b+cx?) 4b (7bB-13Ac) Vx Vbx2+cxt

2 (7bB-13Ac) x*2/bx?+cx?
- +
195 c>/2 (\/F+\Ex) Vb x%+cxt 585 c? 117 ¢
. ., 4074 (7bB-13Ac) x (Vb + Ve x| W‘bcjvi)z EllipticE[2ArcTan[< 2], 2]
2B/x (bx?+cx?) b Ve x /
- +
13c 195 c'/4/bx? + ¢ x*
2b%% (7bB-13Ac) x (Vb +v/c x| | —%— EllipticF[2ArcTan[ 0], 1]
(VB /T %)’ e 102
195 ¢4 \/bx2 + c x*
Result (type 4, 273 leaves):
1
195 x

= (b+cx2) 2 x3/2 (—14b2B+2bc (13A+5Bx2) +5¢c2x? (13A+9Bx2)) 1

5 + 4b2(7bB_13Ac) i Vb <b+cx2)—
3¢
'D\F@ c3\/?(b+cx2) Ve

Vb Ve

} O

x>/2 E1lipticE[i ArcSinh|[ ———
X

x*/2 E1lipticF[i ArcSinh[ ——

], -1]

ivb
\ﬁ
\/7

Problem 222: Result unnecessarily involves imaginary or complex numbers

J\/T (A+Bx2) A/ bx?+cx* dx

Optimal (type 4, 204 leaves, 6 steps):

4b <5bB—11Ac) Vbx2+cxt 2 (SbB—llAc) x3/2/bx?+cx*

_ +
231c¢2/x 77¢
2 b7/ (5bB—11AC> X (\/F+\/?x) % EllipticF[ZAr‘cTan[%], l}
5 (o2 cxt)" (/o e o o
+
11cV/x 231 %4 ~\/bx2+cx*

Result (type 4, 159 leaves):
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ib
4ib2(5bB-11A [1+ - EllipticF[iA S'h£ -
1 > —2@b28+4bc(11A+38x2)+6c2x2 (11A+7Bx2) 10 ( <) Tex tpric [l resin [ Vx ]’
—/x* (b+cx?) +
231 c2/x ivo 2 (b+cx2)
Nes

Problem 223: Result unnecessarily involves imaginary or complex numbers.
(A+Bx?) Vbx?+cx?
=%

Optimal (type 4, 326 leaves, 7 steps):
4b (bB-3Ac) x¥? (b+cx?) 2(bB—3Ac>\/?\/bx2+cx4
N

dx

15 ¢3/2 (\/F+\/?x) Vb x2+cxt 15¢
5 (032 cxt] 4654 (bB-3Ac) x (Vb ++/c x| m EllipticE |2 ArcTan[ < 0], 2]
P 1574 b xE 1 _
2654 (bB-3Ac) x [Vb +/c x| ﬁ EllipticF[2ArcTan[ < 20c], 2]
15c7/4~bx?+cx*
Result (type 4, 247 leaves):
2x3/2 (2bB+9AcC+5Bcx? i

1 x* (b+cx?) X | el CX)— ! 4b (bB-3Ac) ﬂ (b+cx?) -

o > J%czﬁ(bJrcxz) Ve
l i ivb_
NCS x*/2 E11ipticE [ i ArcSinh| } +/b ¢ x*/2 E1lipticF i ArcSinh| Ve ], -1]
Vo Vx Vo Vx
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Problem 224: Result unnecessarily involves imaginary or complex numbers.
J<A+BX2) Vbx?+cxt

x3/2

dx

Optimal (type 4, 165leaves, 5steps):

2b3% (bB-7AcC) x (W+\/?X) —brex® EllipticF[ZAr‘cTan[L‘lj“&}, ]
2 (bB-7Ac) Vbx?*+cx? ZB(bszrcx“>3/2 (VB +Ve x| bY/ 2

+ —

21c/x 7 cx®/? 21c%*/bx?+cx*
Result (type 4, 134 leaves):

o
4ib (bB-7Ac) [1+-% EllipticF[iArcSinh| I ], -1]
1 5 s~ |2 (2bB+7Ac+3Bcx?) cx VX
— /X (b+cx?) -
21
cVx ivhb ¢ (b+cx?)
Ve
Problem 225: Result unnecessarily involves imaginary or complex numbers.
(A+Bx?) Vbx?+cx?t
J X5/2 dx
Optimal (type 4, 323 leaves, 7 steps):
4 (bB+5Ac) x*2 (b+cx?) 2 (bB+5Ac) Vx Vbx2+cxt
. .
5+/c (\m+\/?x) Vo x2+coxt 5b
4 pl/4 (bB+5Ac) X (\/FJr\/?x) % EllipticE[ZAr‘cTan[%?], l]
2A (bx2+cxt)®? (Vb /< x| b 2
- +
bx’/2 5c¢34/bx?+cxt
2b1% (bB+5AC) x (Vb +vc x| | 2 EllipticF[2ArcTan[ < 0], 1]
(\/F+\/?X) bl/4 2
5c¢34/bx2+cxt

Result (type 4, 218leaves):



1 2 2
— b+c
- x(+ x)

ib
ai | (bBisAC) [1+-2 xEllipticF[jArcSinh[E], -1]
C cX

NI

ai |2 (pbBi5Ac) [1+-% xEllipticE[i ArcSinh|
2 (2bB+5Ac+Bcx?) Ve cx

4

i

4

Vx

J, -1

+

o

ﬁ

Vx

Problem 226: Result unnecessarily involves imaginary or complex numbers.

b+ c x?

J(A+Bx2) Vb x2+cx?t

X7/2

dx

Optimal (type 4, 163 leaves, 5steps):

2 (bB+AcC) x (\er\/?x) —beex? EllipticF[ZAr‘cTan[%‘l@
2 (bB+Ac) Vbx2+cxt  2A (bx2+cxt)? (Vb Ve x) bY

cVx b+cx?

3b/x

+

3b 2 3024 /4B s T

Result (type 4, 119leaves):

1 2 2
— b
5 X ( +cx)

Problem 227: Result unnecessarily involves imaginary or complex numbers.

2 (~A+Bx) 4i (bB+AC) HEllipticF[iArcSinh[
N

b

c

X

> -1]

X572
ive <b+ C Xz)

C

J<A+Bx2) Vb x2+cx?t

X9/2

dx
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Optimal (type 4, 328 leaves, 7 steps):
4\/?(5bB+Ac)x3/2 <b+cx2) 2(5bB+Ac) Vb x2+cx? 2A(bx2+cx4)3/2

Sb(\/FH/?x)\/m 5b x*/2 5b xi1/2
4cY* (5bB+Ac) x (WJr\/?x) —brext EllipticE[ZArcTan[M], o
(Vb +/e x| b?/* 2
N
5034Vbx2+cx*
2cV4 (5bB+AC) X (WJr\/?x) —brext EllipticF[ZArcTan[M], o
(VB e ] o
5b¥4/bx2+cxt
Result (type 4, 219leaves):
i+b
, Ve
2| | 1R (-A+5Bx?) (b+cx?) -2+/c (5bB+Ac) [1+ X'/2 ELLipticE [ Arcsinh[ ~——], -1] +
\E CX2 \5

i/b
Ve

b \/ ivb
, -1 54/b x3/2 /%% (b +c x?
cx? w / o (o ex)

2+/c (5bB+Ac) |1+ x7/2 E1lipticF [i ArcSinh|

Problem 228: Result unnecessarily involves imaginary or complex numbers.

J(A+Bx2) Vb x2+cx?t

X11/2

dx

Optimal (type 4, 167 leaves, 5 steps):

2c¢¥4 (7bB-Ac) x (\/F+\/?x) Lzz EllipticF[2ArcTan|
2 (7bB-Ac)Vbx2+cx*  2A (bx2+cxt)?? (Ve Ve x|

/4 [x

bl/4

+

21 b x>/2 7 b x13/2 21654 Vb x2 + ¢ X4

Result (type 4, 138 leaves):



e 2 (3Ab+7bBx2+2Ac ] 4ic(7bB-Ac) |1+ EllipticF[iArcSinh|
— /X (b+cx®) |- +

4

Q‘

E], 1)

Vx

21 b x9/2

Ve

Problem 229: Result unnecessarily involves imaginary or complex numbers.

(A+Bx2) Vb x?+cxt
J dx

X13/2

Optimal (type 4, 369 leaves, 8steps):

4 c3/2 (3bB—Ac) x3/2 (b+cx2) 2 (3bB—Ac) Vbx2+cx* 4c <3bB—Ac) Vb x?+cxt

p [ ive (b+cx?)

15 b2 (W+\Ex) Vb x?+cx* 15bx7/2 7 15 b? x3/2
4c* (3bB-Ac) x (\/FJr\/?x) Lzz EllipticE[ZAr‘cTan[M o
2A<bx2+cx4)3/2 (VB /< x| by 2
9 b x15/2 ) 15b7/4 /b x2 + c x*
2¢4 (3bB-Ac) x (\/F+\/?x) LZZ EllipticF[ZAr‘cTan[M], 2]
(VB T x| b1/4 2

15b7/4/bx%?+cx?*
Result (type 4, 241 leaves):
1 \/c_x
Vb

(b+cx2) (9be2 (b+2cx2) +A<5b2+2bcx2—6c2x4)> -

, .
G\ECB/Z(B’bB*AC)XS 1+C;( EllipticE[jAr‘cSinh[ l\/?x],fl]+

2 . . /
6b c*? (3bB-Ac)x* |1+ <X EllipticF[i ArcSinh| | - — |, -1] / asprxz | 2NEX [ (b+cx?)
b Vb Vb
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Problem 230: Result unnecessarily involves imaginary or complex numbers.

(A+Bx2) Vb x2+cxt
J dx

X15/2

Optimal (type 4, 204 leaves, 6 steps):

2 (11bB—5Ac) Vbx2+cx* 4c (11bB—5Ac) bx2+cx*

2A (bx2+cx4)3/2

77 b x9/2 231 b2 x5/2 11bx17/2
2¢74 (11bB-5Ac) x (Vb ++c x| [ —2*— EllipticF[2ArcTan| ]
(Vo /e
231094+ bx?+cx*
Result (type 4, 158 leaves):
1
231 b2

b
A _b . . . . \/T B
11682 (3b-2cx?) <A (-21b7-6b e+ 10C ) 2ic’(-11bB+5Ac) |1+ EllipticF[iArcSinh| ~ ], -1]
2./% (b+cx?) Ppo +
X

Problem 231: Result unnecessarily involves imaginary or complex numbers.

Jx”z <A+Bx2) (bx2+cx4>3/2 dx

Optimal (type 4, 486 leaves, 11 steps):

ivb
Ve

(b+cx2)
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88b° (3bB-5Ac) x/2 (b+cx?) 88b* (3bB-5Ac)Vx Vbx?+cx* 88b® (3bB-5Ac)x*2vbx2+cxt
- +

16575 c%/2 (\/FJr\/?x) Vb x?+cxt 49725 c* 69615 c3
8 b? (3bB—5Ac>x9/2\/bx2+cx4 4b(3bB—5Ac)x13/2 bx2+cx* 2<3bB—5Ac>x9/2 (bx2+cx4>3/2
- - +
7735 c? 595 ¢ 105 ¢
88 b21/4 (3beSAC> X (\/FJr\/?x) LZZ EllipticE[ZArcTan[w], l]
2Bx°/2 (bx?+cxt)®? (Vb /e x| b/ 2
- +
25¢ 16575 c19/4 /b x2 + c x*
44 p21/4 (BbB—SAc) X (\/F+\/?x) —brex? - EllipticF[ZAr‘cTan[—\lcl/a VX ], l}
(Vo e x| bt/ 2
16575 c1?/4 /b x? + c x4

Result (type 4, 332leaves):
1

348075 c® x3 (b +cx?)?

2 (x2 (b+cx2))3/2 i(b+cx2) (2772b63-924b5c (5A+Bx2) +220b* c? x? (7A+3Bx2) +36Db%c*x® (25A+13Bx2) + 663 c® x1® (25A+215x2) -

Vx

2003 3 x* <55A+27Bx2) +39bc’x8 (575A+4593x2)) +9241 b° ivb C (3bB-5Ac) 1+ b X
N ¢ x?
iVb
Nra
EllipticE[i ArcSinh| x EllipticF[i ArcSinh|[ —], -1]
c x2 NS

Problem 232: Result unnecessarily involves imaginary or complex numbers.

JXS/Z (A+Bx2) (bx2+cx4>3/2dlx

Optimal (type 4, 321 leaves, 9steps):
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24b* (13bB-23Ac) Vbx?+cx* 72b% (13bB-23Ac) x¥2/bx?*+ cx*

+ —

33649 c*/x 168245 ¢3
8b% (13bB-23Ac) x/2\/bx?+cx*  4b (13bB-23Ac) x*2\/bx2+cx* 2 (13bB-23Ac) x7/? (bx?+cx*)??
- - +
24035 c? 2185 ¢ 437 ¢
12674 (1308 -23A¢) x (Vb +v/c x| | —% EllipticF |2 ArcTan[ <500 ], 1
2Bx%2 (bx?+cxt)®? (Vb +ve x) bt/ 2
+
23c 33649 c17/4 /b x? + c x*

Result (type 4, 219leaves):
1
168 245 c*

2./% (b+cx?) \/1_(—780b55+28b2 c>x* (23A+11Bx?) +385¢c°x® (23A+19BX?) +12b* c (115A+39BXx?) -4b>c*x* (207A+91BX?) +
X

4

&‘

601 b5 (13bB-23Ac) “H% EllipticF[jArcSinh[E}, -1]

Vx

77 b c* x® (161A+125Bx2)) +
ive (b+cx2)

C

Problem 233: Result unnecessarily involves imaginary or complex numbers.

sz,/z (A+Bx2) (bx2+cx4>3/2 dx

Optimal (type 4, 447 leaves, 10 steps):
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8b* (11bB-21Ac) x*2 (b+cx?)  8b> (11bB-21Ac)V/x Vbx?+cx?
+ -

3315¢7/2 (Vb /e x| Vb vext 9945 ¢
8b% (11bB-21Ac) x*2/bx?+cx*  4b (11bB-21Ac) x*2Vbx?+cx* 2 (11bB-21Ac) x52 (bx?+cx?)??
- - +
13923 2 1547 ¢ 357 ¢
. ., 8074 (11bB-21Ac) x (Vb +Vc x| /ﬁ ELlipticE[2ArcTan[ <200 ], 1]

2B b 2 4 b +v/c x /

X ( X +cx) X )

21c 3315 c1%/4 /b x2 + c x4
46V/% (11bB-21Ac) x (Vb +v/c x| | —%— EllipticF[2ArcTan[ 0], 1]
(VB e x) e 172
3315 c1%/4 /b x% + cx*

Result (type 4, 313 leaves):

! 2 (% (b+cx?) )2

69615 c* x> (b+cx?)?

c x3/? (b+cx2) (28b3 (11bB-21Ac) -20b%c (11bB_21Ac) X% + 45 b c? (4bB+133Ac) x4 + 195 ¢3 (23bB+21Ac) x6+33153c4x3) -

Problem 234: Result unnecessarily involves imaginary or complex numbers.
J\/; (A+Bx2) (bx2+cx4)3/2dlx

Optimal (type 4, 282 leaves, 8 steps):
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8b> (9bB-19Ac) Vbx?+cx* 8b? (9bB-19Ac) x*2Vbx?+cx® 4b (9bB-19Ac) x"/2/bx?+cx*

4389 c3/x 7315 c? 1045 ¢
4614 (968 -19Ac) x (Vb ++/c x| [ 2% EllipticF[2ArcTan| < 0], 1]
2(9bB—19Ac)x3’/2 (bx2+cx4)3/2 2B(bx2+cx4)5/2 (Vb Ve x) o7 2
. _
285 ¢ 19c/x 4389 c13/4 /b x? + c x*

Result (type 4, 198 leaves):

;2 x? (b+cx2) L(18(ab4B+12b2c2x2 (19A+7Bx2) +77 c* x® (19A+158x2> -4b3c (95A+27Bx2) +7bc3x? (323A+2313x2)) +
21945 ¢? Vx

8

i

201 b* (-9bB+19AC) /1+§ EllipticF[i ArcSinh| o ], -1]

b (pscx?)

C

4

Problem 235: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
j(+ x)(x+cx> ix

Vx
Optimal (type 4, 408 leaves, 9 steps):
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8b* (7bB-17Ac) x*/2 (b + c x?) 8b? (7bB-17Ac) Vx Abx2+cxt  4b (7bB-17Ac) x*2/bx? + c x*

1105 c°/? (\/FJrV?x) Vb x?+cx* 3315 ¢? 663 c
8613/ (7bB-17Ac) x (Vb +V/c x| | 2 Elliptick[2arcTan[ <00, 1
2 (7bB-17Ac) /x (bx?+cx*)?? 2B (bx2+cx*)*? (Vo e x| o 2
+ - +
221c 17 c x3/2 1105 c11/4 /b x2 + ¢ x4
4b™/* (7bB-17Ac) x (Vb +V/c x| [t E1lipticF[2 ArcTan| <200 ], 1]
(VB ve x)} i 102
1105 14 /b x2 + ¢ x*

Result (type 4, 303 leaves):

1 (2 b+ cxt))?? 2x3/2 (-28b>B+4b%c (17A+5Bx?) +15c>x* (17A+13Bx?) +5b c? x? (85A+57Bx2>)+
1105 x* 3¢ (b+cx?)

8 b3 (7bB-17Ac)

ivb
\/_
x*2 EllipticF[i Ar‘cSinh[ic} , -1] /
X

Vb e |1+

c x2

Problem 236: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx? 4)3/2
J<+ x)(x+cx) ix

x3/2

Optimal (type 4, 239 leaves, 7 steps):
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8b% (bB-3Ac) Vbx*+cx* 4b(bB-3Ac)x¥2/bx2+cx* 2 (bB-3Ac) (bx?+cxt)??

231 c24/x 77 c

4b14 (bB-3Ac) X (W+WX) —beex— EllipticF[2ArcTan|
2B (bx?+cx*)? (Vb e x)

+

15 ¢ x*/2 231 ¢94 /b x2+cx?

Result (type 4, 174 leaves):

1 -20b3B+12b2 ¢ (5A+Bx2) +7c3 x4 (15A+113x2) +bc?x? (195A+119Bx2)

22 X2 <b+cx2)
1155 c¢

i

20ib® (bB-3Ac) [1+-° EllipticF[iArcSinh|
CcX \/7

4

4

Vx

> -1]

b (pycx?)

C

Problem 237: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
j(+ x)(x+cx> ix

XS/Z

Optimal (type 4, 369 leaves, 8steps):

+
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8b2 (3bB-13Ac) x¥2 (b+cx?) 4b (3bB-13Ac)V/x Vbx2+cx* 2 (3bB-13Ac) (bx?+cx*)??

1952 (B e x| VBT Xt 195 ¢ 117 ¢ X2 )
( o 8% (3bB-13Ac) x (Vb +/c x| /ﬁ ELLiptick[2 ArcTan[ < 0], 1]
2B (bx?+cx* b Ve x '
13cx’/? ) 195 c7/4 /b x? +cx* _
46°4 (3bB-13Ac) x (Vb +c x| (W“ig) ELLipticF [2ArcTan[ <2 ], 1]
195 c”/4/bx* + cx*
Result (type 4, 281 leaves):
1
195 x3
2x32 (12b2B+5c2x? (13A+9Bx2) +bc (143A+75Bx2 i
(x? (b+cx?))?? il r5cix [13A+9Bx7) +bc | *758x7) 8b? (3bB-13Ac) ivh (b+cx®) -vb Vo |1+ b en
3¢ (b+cx?) Ve cx?

o

ib | ive
Ve Ve :
ELLipticE|: Arcsinh| V|, _1] +v/b +/c l14 LZ x*/2 E11ipticF [i ArcSinh[ ~———], ~1] / ivb
cX

Vx Vx

Problem 238: Result unnecessarily involves imaginary or complex numbers.

J<A+BX2) (bx2+cx4)3/2

x7/2

dx

Optimal (type 4, 201 leaves, 6 steps):
4b (bB-11Ac) Vbx*+cx* 2 (bB-11Ac) (bx2+cx*)*?

.
77 c/x 77 cx>2
4b7* (bB-11Ac) x (W+WX) —beexX  E11ipticF[2 ArcTan| €], 1]
2B (bx2+cx4>5/2 (WHEX) p1/4 2
11 c x°/2 ) 77 5’4/ bx%+cx*

Result (type 4, 153 leaves):
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iJo
4ib? (bB-11Ac) |1+ EllipticF{iAr‘cSinh[J e },71]
4b%B+c?x® (11A+7Bx?) +bc (33A+13Bx?) cx x

Vx

2/x* (b+cx?)
i\/—\/? (b+cx?)

77 c

Problem 239: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J(+ x)(x+cx) ix

x9/2

Optimal (type 4, 356 leaves, 8 steps):

8b (bB+9A 3/2 (p 2 2 (bB+9A b x2 4\3/2

(bB+9AC) x¥2 (b+cx?) +i(bB+9Ac>\/? fox s cx® » (bB+9AC) (bx?+cx?) )
15\5(\/F+\/?x)m 15 9 b x3/2

8b>* (bB+9AC) x (\/F+V?x) —beed EllipticE[ZArcTan[M], ]

2A <bX2+CX4>5/2 (\/FJr\/CiX) pl/4 2

bxitz 15 ¢4\ bxE s o xd '
4b°* (bB+9AC) x (W+Wx) /—(W”icfcjx)z EllipticF[ZAr‘cTan[—\Ccl/:l/ax ], 4

15c3/4V/bx?+cx*

Result (type 4, 249 leaves):

2% ivb (b+cx?) (12b*B+c*x* (9A+5BX*) +bc (63A+11Bx*)) -
Ve
ivb
NeS
12b¥2+/c (bB+9AC) |1+ x3/2 E1lipticE [i ArcSinh | ], -1] +
c x? \x

12b*2+/c (bB+9Ac) [1+ ° x*2 E1lipticF [i ArcSinh| ], -1] /45 ivh c/x? (b+cx?)
c x? VX NI



Problem 240: Result unnecessarily involves imaginary or complex numbers.

>3/2

dx

J(A+Bx2) (bx2+cx4

X11/2

Optimal (type 4, 200 leaves, 6 steps):
4(3bB+7Ac)Vbx?+cx? 2 (3bB+7Ac) (bx2+cx*)?? 2A (bx2+cxt)®?

+ _ +
21\/? 21bx5/2 3bX13/2
4634 (3bB+7Ac) x (Vb +Vc x| [ et EllipticF[2 ArcTan| < ) 1]
(/6 4 x) b/t 2
214 Vbx? + cxt

Result (type 4, 138leaves):

2 X2 (b+cx2)

4ib (3bB+7Ac) [1+-% EllipticF[iArcSinh|
-7Ab+9bBx*+7Acx?+3Bcx* X
.

4

[E

Vx

Q‘

J, -1

21 X5/2
ivh (b+cx?)
vV C

Problem 241: Result unnecessarily involves imaginary or complex numbers.

A+Bx2) (bx? 4)3/2
J<+ x)(x+cx) ix

X13/2
Optimal (type 4, 354 leaves, 8 steps):
24\/?(bB+Ac)x3/2 (b+cx2) 12c(bB+Ac)\/7\/bx2+cx4 2(bB+Ac) (bx2+cx4)3/2
. _ _
5(\/F+\/?x)\/bx2+cx4 5b b x7/2

24b4 ¢4 (bB+Ac) x (Vb +/c x| | —2— EllipticE[2ArcTan[ <
2A (bx?+cxt)®? (VB e x) >

5b x'3/2 5vVbx%+cx?

12614 V4 (bB+Ac) x (\/FJr\/?x) /ﬁ EllipticF[ZArcTan[%A@], i]

5vbx%+cx*
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Result (type 4, 232 leaves):

ivb

L \/7
AR (b+cx?) (-Ab+7bBx*+5Acx*+Bcx?*) -12~/b v/c (bB+Ac) [1+ x’/2 E1lipticE[i ArcSinh| : ], -1] +

A\ c cx? V'

12v/b +/c (bB+Ac) [1+

x’/2 E1lipticF [i ArcSinh|

c x2 N

Problem 242: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J(+ x)(x+cx) ix

X15/2
Optimal (type 4, 204 leaves, 6 steps):
4c(7bB+3Ac)Vbx?+cxt 2 (7bB+3Ac) (bx2+cx*)¥? 2A (bx?+cxt)®?

+

21b+/x 21b x>/ 7
4¢3 (7bB+3Ac) x (Vb + v x| [ et EllipticF |2 ArcTan| < i) 1]
(/B e x) bt/ 2
21 b4~/ bx?+cx*

Result (type 4, 139 leaves):

4

Q‘

) 7Bx2 (~b+cx?] 3 (bs3cxd) 4ic(7bB+3Ac) [1+ 2 ElllpthF[nAFCSlﬂh[EW |, -1]
— /X (b+cx?) +

21 X9/2

ive (b+cx?)

C

Problem 243: Result unnecessarily involves imaginary or complex numbers.

A+Bx?) (bx? 4)3/2
J<+ x)(x+cx) ix

X17/2
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Optimal (type 4, 364 leaves, 8 steps):

8c3/2(9bB+Ac)x3/2(b+cx2) 4c(9bB+Ac) bx2+cx* 2<9bB+Ac) (bszrcx“)3/2

15b (Vb /e x| Vot v ext 15072 450

8c5/4 (9bB+AC) X (\/F+\/?x) —brext EllipticE[zArcTan[%], ]
2a fox e cxt] e o

B +
9 b x19/2 15034 /bx2+ cx*
4¢5/* (9bB+AC) X (WJr\/?x) —brext EllipticF[ZArcTan[M], ]
(VB e ] o
15034 /b x? + c x*

Result (type 4, 236 leaves):

ivb
i Ve
SIEART) ivh (b+cx?) (9Bx? (b-5¢cx?) +A (5b+11cx?)) +12c*? (9bB+Ac) 1+L2 xll/zEllipticE[jArcSinh[ic],—1]—
\E CcX

ivb

b Ve i /b
12¢¥2 (9bB+Ac) [1+ x!1/2 E1lipticF [i ArcSinh [ ——], -1] / 45+/b ivh X2 [x* (b+cx?)
cx? Vx Ve
Problem 244: Result unnecessarily involves imaginary or complex numbers.
x13/2 (A+BX?)
j— dx
bx2+cx*

Optimal (type 4, 243 leaves, 7 steps):
2 b2 (13bB-15Ac) Vbx?+cx* 6b(13bB-15Ac) x¥2vbx?+cx* 2 (13bB-15Ac) x/2V/bx?+cx*

. _ +
77 A \x 385 ¢c3 165 c?
b'/4 (13bB-15Ac) x (Vb +/c x| | 2 EllipticF[2ArcTan[ < 0], 1]
2B x124/bx?+cx? Vo /e " i
.
15¢ 77 V74 b x? v cxt

Result (type 4, 196 leaves):
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ﬂ x3/2 (b+cx2) (195b3B_7c3x4 (15A+11Bx2) -9b%c (25A+13Bx2) +bc?x? (135A+913x2)) -
Ve
ivb
b Ve
301 b’ (-13bB+15Ac) x? E1lipticF[i ArcSinh | ———], -1] / 1155
2 Vx

Problem 245: Result unnecessarily involves imaginary or complex numbers.

dx

x1/2 (A+Bx?)
J bx?+cx*
Optimal (type 4, 369 leaves, 8steps):

14b2 (11bB-13Ac) x*/2 (b+cx?) . 14b (11bB-13Ac) Vx Vbx2+cx* 2 (11bB-13Ac) x*2Vbx?+cx*

+

195 ¢7/2 (W+Wx) Vb xZ+cxt 585 c? 117 c?
14674 (1168 -13Ac) x (Vb + V¢ x| | e E1lipticE[2 ArcTan| < 0], 1]
2BX9/2m (\/FJAFX) pl/4 2
+
13 ¢ 195 c1%/4 /b x2 + c x*
76%% (1168 -13Ac) x (Vb + /e x| [ —*“— EllipticF[2ArcTan[ < PC], 1]
(Vb /< x) b/ 2
195 ¢354 \/bx2 1 c x*

Result (type 4, 264 leaves):
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1

585 ¢4 ./ x? (b+ c x2)

2x |cx3/? (b+cx2) (77b2|3+5c2x2 (13A+9Bx2>—bc (91A+553x2)) 7;21& (11bB—13Ac) ﬂ (b+cx2) -
X Ve
ivb ive
r
Vb e x*/2 E1lipticF [i ArcSinh|[—], -1]

x*/2 E1lipticE [i ArcSinh|[ ——— ~ } +b Ve

Problem 246: Result unnecessarily involves imaginary or complex numbers.

dx

x2/2 (A+Bx?)
Optimal (type 4, 204 leaves, 6 steps):
10b (9bB-11Ac) Vbx*+cx* 2 (9bB-11Ac) x*2/bx?+cx*

+

231c3/x 77 c?
5b7/4 (9bB-11Ac) x (\/F-%—\/?X) —beext EllipticF[ZArcTan[Lﬁ\,&}, 2]
2Bx7/2/bx? + c x* (Vb Ve x| bt/ 2
11c . 231 c13/4/bx2 +cx?
Result (type 4, 176 leaves):
i Vb
2 i x3/2 (b+cx2) (45b2B+3c2x2 (11A+7Bx2) -bc (55A+27Bx2)) +
Ve
i+/b

r .
10ib> (-9bB+11Ac) |1+ bz szllipticF[jAr‘cSinh[—c],—1} / 231 lﬁ A 4/x* (b+cx?)
C

cX \/;
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Problem 247: Result unnecessarily involves imaginary or complex numbers.

dx

x7/2 (A+Bx?)
Optimal (type 4, 330leaves, 7 steps):
2b (7bB-9Ac) x*2 (b+cx?) 2 (7bB-9Ac)Vx VbxZ+cxt )

150572 (Vb + /x| Vb rcxt 45 c?
205/ (7bB-9AC) x (Wmﬁx) —beex E11ipticE [2 ArcTan | €0
ZBXS/Zm (\/F+\/c_x) pl/4
9¢ N 15 c1174 /b x2 + c x4
p5/4 (7bB—9AC> X (\/F+\/c_x) % EllipticF[ZAr‘cTan[M]: l]
(’\/F+’\/?X) pl/4 2
15 14 o x? s o X

Result (type 4, 237 leaves):

1

2/x (b+cx?) (21b2B+c?x? (9A+5Bx?) ~bc (27A+7Bx?)) +
45 ¢3 ./ x? (b+cx2)

ive
i Ve

6ib |1V (7bB-9Ac) [ |, -1] -
Vx
ivb
i Ve

6ib (7bB-9AC) [ ], -1]
Ve Vx

Problem 248: Result unnecessarily involves imaginary or complex numbers.

a

5

dx

JXS/Z (A+Bx?)
Vb x?+cx*
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Optimal (type 4, 167 leaves, 5steps):

b4 (5bB-7Ac) x (\/FJr\/?x) —brex? EllipticF[ZAr‘cTan[QlcmmX ], %]
2 (5bB-7Ac) VbxZrcx*  2Bx2/bx2scxt (Vb e x) o ’
.

+

21c2+/x 7c 21c¢¥4/bx2+cx*
Result (type 4, 151 leaves):

ivb
- Ve

-2 ﬂx3/2(b+cx2) (5bB-7Ac-3Bcx’)-21ib (-5bB+7Ac) [1+ b x? E1lipticF[i ArcSinh| - ],-1]/
Ve cx? Vx

21 j\/\g /X (b+cx?)

Problem 249: Result unnecessarily involves imaginary or complex numbers.

x3/2 (A+BX?)
j— dx
Vb x2+cx?t
Optimal (type 4, 293 leaves, 6 steps):
2bY4 (3bB-5AC) x (\/F+\/?x) — b E11ipticE[2ArcTan| <o ], 1]
2(3bB-5Ac)x3/2 (b+cx2) 2B/x Vbx2+cx? (VB /e x) > ?
- + +
5c3/2(\m+\/?x)m 5c¢ 5c7/4\/bx?+cx?
b1/ (3bB-5Ac) x (Vb Ve x| [t EllipticF[2 ArcTan[ < 0] ) 1]
(Ve +ve x| b/% 2

5c7/4/bx?+cxt
Result (type 4, 209 leaves):
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b 2) (-3bB+5Ac+Bcx? i
! 2 x (brex) r5Ac+Bex) - i b (3bB-5Ac) 1+
5c xz(b+cx2) cVx Ve cx?
ivb
- Ve
i ivh (3bB-5Ac) |1+ b x E1lipticF i ArcSinh| : ], -1]
Ve cx? Vx

Problem 250: Result unnecessarily involves imaginary or complex numbers.

dx

J\/? (A+Bx?)
Vb x?+cx?
Optimal (type 4, 130leaves, 4 steps):

e (bB-3Ac) x (WJr\/?x) /ﬁ EllipticF[ZAr'cTan[cl/;%A{x I, ﬂ
2BVbx?+cxt bV x /

3c/x 3b/4 >4 /bx?+cx?
Result (type 4, 134 leaves):

1o
. _ L 2 . N . N _
28572 (b x| 2i (bB-3Ac) /1+CX2 x2 EllipticF [i ArcSinh| s ], -1]
3cq/x? (b+cx?) 3 DEcqlxz(bJrcxz)
Je

o

4

Problem 251: Result unnecessarily involves imaginary or complex numbers.

J A +Bx? dx
Vx Vb x2+cx?
Optimal (type 4, 281 leaves, 6 steps):




2 (bB+Ac)x (Vb ++c x| | ¥ Elliptice[2ArcTan[ < 0], 1]
2(bBAC) X2 (bscxd)  2AVBX i cxE (VB e x| e 102
bvc (\/F+\/?x) Vb x2+cx* b x*/2 b3/4 c3/4\/bx2 + c x*
(bB+Ac) X (\/FJr\EX) l#f;x)z EllipticF[ZArcTan[%“E}, i]
b3/4 C3/44/bX2+CX4

Result (type 4, 191 leaves):

. 2 .
-l 2ix¥?2|Aa/c ive x (b+cx2)—\/F(bB+Ac)x 1+CX EllipticE[iAr‘cSinh[ ive x

-1 +
Vb b Vb
) . , 3/2
W(bBJrAc)x 1+CX EllipticF[jAr‘cSinh[ ive x ],—1} / b3/2(m x2 (b+cx2>
b Vb Vb

Problem 252: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? dx
x32/bx2 + cx*
Optimal (type 4, 131 leaves, 4 steps):

i . (3bB-Ac) x (\/b +c x) ﬁvi)z EllipticF[ZAr‘cTan[cl,/;;m{x 1, i]
‘\/7 + Cc X !
72A b x®+cx N

3bx°/2 3b5/4ct4/bx?+cxt

Result (type 4, 119leaves):

i (3bB-Ac) |1+-2 x5/2E11ipticF[1’LAr‘cSinh{f Ve ],71}
cXx
2 [-A (b+cx2> +

ib
Je

3b+/x /%2 (b+cx?)
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Problem 253: Result unnecessarily involves imaginary or complex numbers.

A+Bx?
J dx
x>/2+/b x% + ¢ x*
Optimal (type 4, 332leaves, 7 steps):
2\/?(5bB—3Ac)x3/2 (b+cx?) 2Abx?+cx* 2(5bB-3Ac)Vbx*+cx?
5 b? (\/F+\/c_x)\/m 5bx’/2 5 b? x*/2

2¢% (56B-3Ac) x (Vb +/c x| %Enipticqzmdan[%@}, 7]
b +Vc x '

5b7/4/bx%+cx*

/4 (5bB-3Ac) x (W+Wx) ﬁ EllipticF[ZArcTan[%AE], i]

5674\ bxZ s cxt
Result (type 4, 222 leaves):

, .
2+/b /c (5bB-3Ac) X 1+c;( EllipticE[i ArcSinh| le?X],—l}—

. 2
lﬁx (b+cx?) (5bBx*+A (b-3cx?)) +vb +/c (5bB-3Ac)x? 1. X
b

EllipticF[i ArcSinh|

|92X3/2 @ '\/XZ (b+CX2)
Vb

Problem 254: Result unnecessarily involves imaginary or complex numbers.

J A + B x? dx
x7/2\[bx2+cx*
Optimal (type 4, 167 leaves, 5 steps):




1.1.4 Improper.nb | 105

c*4 (7bB-5Ac) x (\/F+\/?x) —brex EllipticF[ZAr‘cTan[%“E}, i]
2AVbx?+cx* 2 (7bB-5Ac) Vbx?+cxt (v Ve X

7bx°/2 21b% x5/2 2104 /bx? + cx*
Result (type 4, 156 leaves):

i+/b
. r

PR AL (b+cx?) (3Ab+7bBx*-5Acx?) +2ic (-7bB+5Ac) |1+ x9/2EllipticF[iAr‘Csinh[—c]:‘1]/
J< ¢ x? VX

Problem 255: Result unnecessarily involves imaginary or complex numbers.

J A + B x? dx
x9/2/bx2+cx*
Optimal (type 4, 369 leaves, 8 steps):
232 (9bB-7Ac) x*2 (b+cx?) 2a/bx2rcx* 2(9bB-7Ac)VbxZ+cxt

+

15 b3 (\/F+\/?x) Vb x?+cx* 9bxt/2 45b% X712
254 (9b8-7Ac) x (Vb +/c x| | et E1lipticE [2 ArcTan| <10 ]| 1]
2¢ (968-7Ac) VBRI Cx o ve ) A
. -
15 b3 x3/2 15bM/4 /b x? + c x*
/4 (9bB-7Ac) x (\/FJr\/?x) ﬁ EllipticF[ZAr‘cTan[%A@], 7]
15 b4 /b x? + c x*

Result (type 4, 242 leaves):
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Le x (brcx?) (-9bBx* (b-3cx?) +A (-5b%+7bcx?-21c*x*)) -
b
6/b c>? (9bB-7Ac) x M/?X
b

0

6Vb 2 (9bB-7Ac) x [i ArcSinh| irx],—l] / 45 b* x7/2 jl\/_ﬂ«/xz(b+cx2)
\ Vb

Vo

Problem 256: Result unnecessarily involves imaginary or complex numbers.

J A+Bx? dx

x11/2+/bx2+ cx*

Optimal (type 4, 204 leaves, 6 steps):

2AVbx2+cx*  2(11bB-9Ac) Vbx*+cx* 10c (11bB-9Ac) Vbx*+cx?

11 b x13/2 77 b2 x°/2 ' 231 b x5/2 '
57/ (1168 -9Ac) x (Vb +V/c x| | —%— EllipticF[2ArcTan[ 0], 1]
(VB Ve x| b/ 2
231b13/4 /b x? + cx?
Result (type 4, 181 leaves):
-2 ivh (b+cx®) (11bBx* (3b-5cx?) +3A (7b>-9bcx®+15c?x*)) -
Ve
ivb
NI .
10ic®(-11bB+9Ac) |1+ x13/2EllipticF[jArcSinh[ic],—1} / 231 b3 ivh x°/2 (b+cx?)
Vx Je
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Problem 257: Result unnecessarily involves imaginary or complex numbers.

dx

Jx”“ (A+ B xz)

(beJrcx“)E'/2

Optimal (type 4, 251 leaves, 7 steps):
(bB—Ac) x15/2  15p (13bB—11Ac) Vvbx2+cx*t 9 (13bB—11Ac) x3/24/bx2 + c x4

- + - +
bcvbx?+cx* 77 c*/x 77 ¢
1567/ (1368 -11Ac) x (Vb ++/c x| [P EllipticF[2ArcTan[ < 0], 1]
(13bB-11Ac) x"/2v/bx?+cx* (Ve +e x| oY/t 2
11bc? 154 c'7/4/b x? + ¢ x*

Result (type 4, 189 leaves):

ivb
Ve

x*2 (195b°B+2C x* (11A+7Bx2) -2bc?x? (33A+13Bx2) + b? (—165Ac+788cx2>) +

g

151 b (-13bB+11Ac) [1+ b x? E1lipticF[i ArcSinh| ], -1] / 77 o c*/x* (b+cx?)
cx? 3 3

Problem 258: Result unnecessarily involves imaginary or complex numbers.

dx

Jx”/z (A+Bx?)

(bx2+cx4)3/2

Optimal (type 4, 377 leaves, 8 steps):
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(bB-Ac)x*2  7b(11bB-9Ac)x¥2 (b+cx?) 7 (11bB-9Ac) Vx Vbx2+cx?
- +

- +

bcvbx%+cxt 15c7/2<x/F+\Ex)\/bx2+cx4 45 c3
7654 (11bB-9Ac) x (Vb +/c x| [ et E1lipticE [2 ArcTan | <0 ]
(11bB-9AC) x*2/bx?+cx? (VB e x)® b1/2
9bc? 15 ¢354\ bx2+ c X
7b%4 (11bB-9Ac) x (\/F+\/?x) — b E1lipticF[2AncTan| €], 1]
(\/FH/?X)Z pl/4 2

30 c4/bx%+cxt
Result (type 4, 263 leaves):

Vx (23163B-7b%c (27A-22Bx?) +23x* (9A+5Bx?) -2bc?x? (63A+11BX?)) +

ﬁ%

21b*?+/c (-11bB+9Ac) |1+ x? E1lipticE[i ArcSinh|

c x? \/_

ivh

o

21b¥2+/c (-11bB+9Ac) |1+ x? E1lipticF[i ArcSinh|[ ———

\/7
c x? NS

Problem 259: Result unnecessarily involves imaginary or complex numbers.

dx

JXB/Z (A+ B xz)

(bx2+cx4)3’/2

Optimal (type 4, 214 leaves, 6 steps):



1.1.4 Improper.nb | 109

(bB—Ac) x11/2 5 (9bB-7Ac) Vb x?+cxt (9bB-7Ac) x3/24/b x2 + c x4

- - + +
bcvVbx?+cxt 21c3+/x 7bc?
504 (9bB-7Ac) x (Vb ++/c x| | ¥ EllipticF[2ArcTan[ < 0], 1]
Vb e o e 12
42 B34+ bx?+cx?

Result (type 4, 165 leaves):

ﬂx3/2(-45b2|3+bc(35A-183x2)+2c_~2x2 (7A+3Bx?)) -5ib (-9bB+7Ac) [1+ szllipticF[JiAr‘cSinh[ic],—1}/

Ve VX

21 j\/_\/g /X (b+cx?)

Problem 260: Result unnecessarily involves imaginary or complex numbers.

dx

an/z (A+ B xz)

(bx2+cx4)3’/2

Optimal (type 4, 340leaves, 7 steps):
(bB-Ac) x2 3(7bB-5Ac) x*'? (b+cx?) (7bB-5Ac) V/x Vbx2+cxt
+ +

becVbx2+cx? SCS/Z(\/F+\/?X)“/bx2+CX4 5bc?
3 pl/4 (7bB_5Ac> X (\/F-%—\/?X) LZZ EllipticE[ZAr‘cTan[—\Ccl’M X }, l]
(v e x) bt/ g
5 114 b X2 s x
3614 (7b8-5Ac) x (Vb +c x| %EllipticF[ZArcTan[%}, "
16 /s b xT s c X

Result (type 4, 240 leaves):
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c x2

/j\/\/_F VX (-21b2B+bc (15A-14Bx?) +2c2x? (5A+Bx?)) -3b V¢ (-7bB+5AC) |1+
C

ivh
\/? .
3vVb v/c (-7bB+5Ac) [1+ b x? E1lipticF i ArcSinh]| ], -1] / s |1V s (b+cx?)
c x? X NS

Problem 261: Result unnecessarily involves imaginary or complex numbers.

dx

ng/z <A+Bx2)

(bx2+cx4)3/2

Optimal (type 4, 178 leaves, 5steps):

5bB-3Ac)x (Vb +v/c x| [ —2% — EllipticF|[2ArcTan| <] L
(bB-Ac)x”2 (5bB-3Ac) VbxZ+cxt | )| )m [ el

x? E1lipticE[i ArcSinh|

+

bcvbx?+cx? 3bc2/x 6 bl/4 c%4\/bx%+cx?
Result (type 4, 142leaves):
i\b

idb 32 (5pB-3Ac+2Bcx?) +i (-5bB+3Ac) [1+-% x?EllipticF|iArcSinh[——], —1]
Nra cx VX

3 [ive 2 [y2 (b+cx?)
NS

Problem 262: Result unnecessarily involves imaginary or complex numbers.

dx

Jx7/2 (A+Bx2)

(bx2+cx4)3’/2

Optimal (type 4, 299 leaves, 6 steps):



(3bB-Ac) x (Vb +/c x| | —>— EllipticE[2ArcTan|
(bB-Ac) x>/2 (3bB-Ac) x*2? (b+cx?) (Vb +/c x|

- +

/4 +/x

pl/4

]

2

.
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bcvbx?+cx* bc3? (\/F+\/?x) Vb x2+cx?t b3/4 c7/4 /b x? + ¢ x*
+cx? . . 1/4
(3bB—Ac) X (\/F+\EX) lﬁ ElllptlcF[ZAr‘cTan[c—bl;?L 2]
2b3/4C7/4“/bX2+CX4

Result (type 4, 213 leaves):

i+vb
i|vo [ EY2 /X (3bB-Ac2Bcx?) 2T (-3bBiAc) |1+ x?EllipticE|i ArcSinh| ], 1] -
VX cx? '

\E<f3bB+AC> 1+

x? E1lipticF [i ArcSinh|

c x? VX

Problem 263: Result unnecessarily involves imaginary or complex numbers.

JXS/Z <A+Bx2)

(bx2+cx4)3/2

dx

Optimal (type 4, 137 leaves, 4 steps):

(bB+Ac)x (Vb +vc x| [ —2“— EllipticF[2ArcTan[ 0], 1]
<bB—AC) x3/2 (\/F+\/?X) p1/4 5

- +

bc+Vbx?+cx? 2b%/4 c>4/bx? +cx?
Result (type 4, 132leaves):

4

ﬁ

BF@ (-bB+Ac)x*2+i (bB+Ac) [1+ -2 szllipticF[jAr‘cSinh[Q], -1]

b [iYe o [y (b+cx?)
Ve
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Problem 264: Result unnecessarily involves imaginary or complex numbers.

dx

Jx3/2 (A+Bx?)
(beJrcx“)E'/2
Optimal (type 4, 318 leaves, 7 steps):
2Ax (bB-3Ac) x/2 (bB-3Ac) x*2 (b+cx?)
N

bvVbx?+cx? b2/ bx2+cx* bzx/?(\/F+\/?x>\/bx2+cx4

+

(bB-3Ac)x (Vb + e x| #fcjx)z ELLiptick[2 ArcTan[ < 0], 1]
b7/4 34X+ C Xt _

(bB-3Ac) x (\/F+\/?x) ﬁéx)z EllipticF[zArcTan[%}, L]
207434 /bx? + cx*t

Result (type 4, 203 leaves):

ix32 |\ ive x (-2Ab+bBx*-3Acx?) -v/b (bB-3Ac) - ], -1]
Jb Vb

i ArcSinh|

2
Vb (bB-3Ac) x 1. % EllipticF|i ArcSinh b5/2 1\/—)( b+cx
b
Vb
Problem 265: Result unnecessarily involves imaginary or complex numbers.
Vx (A+BX2)
J— dx
(bx?+cx?)??
Optimal (type 4, 167 leaves, 5 steps):
(3bB-5Ac) x (\/F+V?x) Lzz EllipticF[ZArcTan[%‘l&], ]
2A (3bB-5Ac) x*2 (VB Ve x| bV 2
- + +
3bvx Vbx2+cxt 3b2+/bx?+cx? 6 b%/4cl/4+/bx2+cx*

Result (type 4, 147 leaves):
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4

4‘

b (2Ab+3bBx?-5Acx?) -i (-3bB+5Ac) [1+-2 x5/2EllipticF[jArcSinh[E}, -1]
Nra cx X

3 b2 M\/g VX A/ x? (b+cx?)

Problem 266: Result unnecessarily involves imaginary or complex numbers.

A+Bx?

J\/; (bx2+cx4)3/2

dx

Optimal (type 4, 368 leaves, 8 steps):
2A (5bB-7Ac)V/x 3+/c (5bB-7Ac)x¥? (b+cx?)
+ +

5bx3/2+/bx%+cx* 5b2+/bx?+cx? 5b3 (\/F+\/?x)\/bx2+cx4

3¢ (50B-7Ac) x (Vb +/c x| [ et E1lipticE |2 ArcTan| < o], 1]
3(5bB—7Ac) Vb x2+cxt (VB e x) pt/4 2

5 b3 x3/2 5b11/4/bx?+ cx*
3cV/4 (5bB-7Ac) x (\/F+\Ex) — b E11ipticF[2 ArcTan| €S, 1]
(\/F+\/?X)2 pl/4 2
1064 /bx? + cx*
Result (type 4, 236 leaves):
. 2 .
ive x (-5bBx? (2b+3cx?) +A (-2b?+14bcx?+21c2x*)) +3+/b V¢ (5bB-7Ac)x® [1+ © X EllipticE[i ArcSinh| ive x ], -1] -
Vb b Vb
2 : .
34b VC (5bB-7Ac)x® |1+ EllipticF|i ArcSinh| Jl\/?X},fl] / 5b% %32 ivex ra (b+cx?)
) )

Problem 267: Result unnecessarily involves imaginary or complex numbers.

A + B x2
J dx
x3/2 (bx2+cx“)3/2

Optimal (type 4, 203 leaves, 6 steps):
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2A 7bB-9Ac 5(7bB-9Ac) Vbx?+cx?
- . - -
7bx52+/bx2+cx*  7b2+/x Vbx2+cx? 21b% x>/
5¢¥4 (7bB-9Ac) x (Vb +Vc x| [P EllipticF[2ArcTan[ < 0], 1]
(\/FM/?X)Z b/* 2
42b¥3/4 /b x? + cx*

Result (type 4, 170leaves):

ivh (-7bBXx* (2b+5cx?) +A (-6b”+18bcx*+45c?x*)) +5ic (-7bB+9Ac) [1+ x*/2 E1lipticF [i ArcSinh|
Ve cx?
21 b3 ivb x>/ [x (b +cx?)

Ve

Problem 268: Result unnecessarily involves imaginary or complex numbers.

A + B x2
J dx
x5/2 (bx2+cx4)3/2

Optimal (type 4, 405 leaves, 9 steps):

2A 9bB-11AcC 7c32(9bB-11Ac) x¥? (b+cx?) 7 (9bB-11Ac) Vbx?+cx?
- + - - +
9bx2bx?+cx*  9b2x32\/bx2+cx*  15b* (\/F+\/?x) Vb x?+cxt 45b? x7/2
7c¥4 (9bB-11Ac) x (\/F+\/?x) Lzz EllipticE[ZAr‘cTan[%‘l&], ]
7c(9bB-11Ac) Vbx2+cx® (VB +v/e ) oY 2
N _
15 b* x3/2 15b15/4 /b x? + ¢ x*
7¢¥4 (9B -11Ac) x (Vb +V/c x| | — % EllipticF[2ArcTan[ 0], 1]
(’\/F+’\/C7X) bl//A 2
30614 Vb x2 + cx*

Result (type 4, 259 leaves):

i+b

E],ﬂ /

X
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1vVC X
ie (9be2 (—2b2+14bcx2+21c2x4> —A(10b3—22b2cx2+154bc2x4+231c3x6)) -
Vb
Cc X
21/b ¢*2 (9bB-11Ac) x ive
Vb

(@]

Vb

21/b ¢¥? (9bB-11Ac) x [i ArcSinh| irx},—l] / 45 b* x7/2 /l\/_ﬂ [x? (b+cx?)
b

Problem 276: Result more than twice size of optimal antiderivative.
J(ex)"‘ (c+dx")? (axI +bxI™")Pdx

Optimal (type 6, 113 leaves, 4 steps):

! X)ip(c+dxn>q(1+dx
a C

-q . . 1+m+j l1+m+n+j b x" dx"
] <aXJ+bXJ*n)pAppellF1[+7+Jp, -p, -q, M, - - ]

n n a C

/

1+

X (ex)"

1+m+Jjp

Result (type 6, 267 leaves):

[ac (1+m+n+Jjp) x (ex)™ (X3 (a+bx"))P (c+dx”>qupellF1[M, -p, -q lemen+jp  bx2 7dx”]

n ’ n T a ’ C
1+m+j l+m+n+j b x" dx"
((1+m+jp) (ac (1+m+n+Jp) AppellFl[;Jer, -p, -q, M, -—— - |+
n n a C
l+m+n+jp 1+m+2n+Jjp b x" dx"

bcpAppellFl[—, l-p, -0 —————» - —> - }*

n n a c

l+m+n+jp 1+m+2n+3jp b x" dx"
aquppellFl[i,fP, 1-q, ————— -——» - ] )]

n n a d

Problem 277: Result more than twice size of optimal antiderivative.

J(ex)”4 (c+dx)e (axj+bxj*")5/3d]x

Optimal (type 6, 129 leaves, 4 steps):
1 dx"

C

-q . . 33+207 5 33+20j+12n b x" d x"
} (a xJ+be*“)2/3AppellF1[+7J, -—, -4q, é: - > - }

12n 3 12n a C

12aex*d (ex)¥* (c+dx")? [1+
. pxn\2/3
(33+20 ) (1+T)

Result (type 6, 580 leaves):
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1
33+20j+12n

. .33,y
12acx™ (ex)”/* (x3 (a+bx"))2/3 (c+dxm)d {a (33+20j+12n)2AppellF1[w, —%, -q, +—2— _bx”, _dx”]
12n 3 n a C

i 33+203 2 33+20j+12n  bx" dx"
(ac(33+20]+12n)Appe11F1[7,——,—q, =, - | +4nx" |3adqAppellF1]
12 n 3 12 n a C 12 n
33+20j+24n b x" dx" 33+20j+12n 1 33+20j+24n b x" dx"
—_— - > - }+2bcAppellF1[—, - -q, —————————————, - , - ] ])+
12 n a C 12 n 3 12 n a C
X 33+20j+12n 2 33+20j+24n b x" dx"
[b(33+203+24n) X" AppellFl| ——————, - —, -q, ——————, - s - })/
12 n 3 12 n a C
A 33+20j+12n 2 33+20j+24n b x" dx"
(ac(33+20]+24n)Appe11F1[—,f—,fq, —_— - s - |+
12 n 3 12 n a c
33+20j+24n 2 33+20j+36n b x" dx"
4nx" (3adqAppellFl[——————, -~,1-q, —————, - , - ] +
12 n 3 12 n a C
33+20j+24n 1 33+20j+36n b x" dx"
2bcAppe11F1[—, -5 -q, ——————, - , - ] )
12n 3 12n a C

Problem 282: Unable to integrate problem.
Ja x™ + b x"
——dx
cx™+dx"
Optimal (type 5, 54 leaves, 4 steps):

(bc-ad) xHypergeometric2F1[1, 1, 1+

1 cxm" ]
m-n m-n

ax > T
- +
C cd

Result (type 8, 27 leaves):
Ja x™ + b x"
— dXx
cxX™+dx"
Problem 284: Unable to integrate problem.

(a+9)nx’"
édlx
c+dx

Optimal (type 6, 64 leaves, 4 steps):

33+203+12n

/((33+20j>

2
> —_;1—q;
3



(a+ 9)“ (1+ L)fn x" AppellF1[-m, -n, 1, 1-m, _e
ax ax

dm

Result (type 8, 22 leaves):

J\(aJrs)nxm dx
c+dx

Problem 285: Unable to integrate problem.

(a+9)nx2
édlx
c+dx

Optimal (type 5, 195leaves, 7 steps):

b\ 1+n .
;) Hypergeometric2Fi |

ca+5
1,1+n, 2+n,

2 a2 d?

(2a?c?-2abcdn-b?d? (1-n)n) (a + s)lm Hypergeometric2F1|

(2ac+bd (1-n)) (a+§)1+nx+ (a+§)1+nx2 )

d®> (ac-bd) (1+n)

1,1+n,2+n, 1+ 2]
a

Result (type 8, 22leaves):

(a+9)nx2
%dx
c+dx

Problem 286: Unable to integrate problem.

[l
c+dx

Optimal (type 5, 131 leaves, 6 steps):

1+n
(a+ 9) X c? b
X

2a3d? (1+n)

a+ - e Hyper‘geometr‘icZFl[
X

ca+ll
1,1+n, 2+n,

(a c-bd n) (a + s) e Hyper‘geometr‘icZFl[
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1,1+n,2+n, 1+ 2]

ax

+

ad

Result (type 8, 20leaves):

d? (ac-bd) (1+n)

a%d? (1+n)
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J(a+ 3)nx

— dXx

c+dx

Problem 287: Unable to integrate problem.

oe2)
c+dx
Optimal (type 5, 101 leaves, 5 steps):

b

1+ + = 1+

c (a + 9) " Hypergeometric2F1[1, 1+n, 2+n, i) abd ] (a + 9) " Hypergeometric2fF1[1, 1+n, 2+n, 1+ 2|
X ac- X ax

d(ac-bd) (1+n) ad (1+n)

Result (type 8, 19leaves):
b\n
ﬂ’" )
c+dx
Problem 288: Unable to integrate problem.
2-3)
——X—dx
Jx (c+dx)
Optimal (type 5, 54 leaves, 3 steps):

b
(a + 9) Y Hypergeometric2F1 [1,1+n, 2+n, ﬂa—xl}
X —

(ac-bd) (1+n)

Result (type 8, 22 leaves):

(a + 3 "

Jx (c+dx)
Problem 289: Unable to integrate problem.

[,
X2 (c+dx)

dx
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Optimal (type 5, 84 leaves, 4 steps):

b
1+ 1+ +2
(a+ Q) " d (a+ Q) nHyper‘geometr‘icZFl[l, 1+n,2+n, cla) abd ]
X X ac-

_bc<1+n)_ c(ac-bd) (1+n)

Result (type 8, 22leaves):
J )
X2 (c+dx)
Problem 290: Unable to integrate problem.

J (a+s>n dx
X3 (c+dx)

Optimal (type 5, 115leaves, 5steps):

(ac+bd) (a+2)""  (a+2)"" & (a+®] 7" Hypergeometric2F1[1, 1+n, 2+, el
X X N

ac-bd
+

b?c? (1+n) 7b2c(2+n) c? (ac-bd) (1+n)

Result (type 8, 22 leaves):
2-2)
———dx
J\x3 (c+dx)
Problem 291: Unable to integrate problem.

[,
X (c+dx)

Optimal (type 5, 207 leaves, 5 steps):

1+n

(ac+bd) (a2c2+b2d2) (a+5)

(3a®c?+2abcd+b?d?) (a+3)2+n

+

b4 c* (1+n) ) b4 c3 (2+n)

b
(3ac+bd) (a + s)sm (a + 3)4”] d* (a + s)lm Hypergeometric2F1[1, 1+n, 2+n, c—(a—i)—}

_ . ac-bd
b*c? (3 +n) b*c (4+n) c* (ac-bd) (1+n)

Result (type 8, 22leaves):
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J 22"
X (c+dx)
Problem 292: Unable to integrate problem.

(a+ 2)nx"'
S X! dx
(c+dx)?
Optimal (type 6, 73 leaves, 4 steps):
(a+ s)n (1+ 1)_n x 1" AppellF1[1-m, -n, 2, 2-m, —i, -]

ax

d? (1-m)

Result (type 8, 22leaves):
(a + 3) " xm
—— dX
J (C +d X) 2
Problem 293: Unable to integrate problem.

J\(a+s)nxz .
(c+dx)2

Optimal (type 5, 202 leaves, 7 steps):

c(2ac-bd) [a+2)"™" (a+2)""x < (2ac-bd(2-n)) [a+2)" " Hyper eometric2F1[1, 1+n, 2+n cle] ]
( - > +X> +( +X) + ( _ ( _ )>( +x) yperg AT Y _
ad? (ac-bd) ([d+ <] ad(d+ <) & (ac-bd)? (1+n)

(2ac-bdn) (a+ 9)1”] Hypergeometric2F1[1, 1+n, 2+n, 1+ = |
X

ax

a2 d? (1+n)

Result (type 8, 22 leaves):

[,
(c+dx)2
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Problem 294: Unable to integrate problem.

[,
<c+dx)2

Optimal (type 5, 150leaves, 6 steps):

b
¢ (a+ E)M o (ac-bd(1-n)) (a+ s)lm Hypergeometric2F1[1, 1+n, 2+n, %:7;}]
d(ac-bd) (d+ €| d* (ac-bd)® (1+n)

p\1l+n . b
(a + ;) Hypergeometric2F1[1, 1+n, 2+n, 1+ ;]

ad? (1+n)

Result (type 8, 20leaves):
(a+2)"x
—— dXx
J (c+dx)?
Problem 295: Unable to integrate problem.

oe2)
S, SV dx
(c +d X) 2
Optimal (type 5, 56 leaves, 3 steps):

b
b (a N 5)1”‘ Hypergeometric2F1[2, 1+n, 2+n, %ca_b%]

(ac—bd)2<1+n>

Result (type 8, 19leaves):
a3
(c+dx) 2
Problem 296: Unable to integrate problem.

[l
X ((:erx)2
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Optimal (type 5, 105leaves, 4 steps):

b
) d (a+ s)lm ) (ac-bd (1+n)) (a+ s)lm Hypergeometric2F1[1, 1+n, 2 +n, cacajbid ]
¢ (ac-bd) (d+§) cac-bd)* (1+n)

Result (type 8, 22leaves):
b\N
o)
x (c+dx)?
Problem 297: Unable to integrate problem.

[,
x2 (c+dx>2

Optimal (type 5, 133 leaves, 5steps):

b
) (a+s)1+n ) d2 (a+s)1*” 7d (2ac-bd (2+n)) (a+g)lmHyper‘geome‘tr‘iCZFl[l, 1+n,2+n, %&%}
bc? (1+n) 2 (ac-bd) (d+i) 2 (ac-bd)* (1+n)

Result (type 8, 22 leaves):
a-2)
—————dx
J\xz (c+dx)?
Problem 298: Unable to integrate problem.

[,
x3 (c+dx)2

Optimal (type 5, 217 leaves, 5steps):

) (a+2)"" [d (bd (2+n) (ac+bd (3+n)) -ac (ac+bd (5+3n))) - lacbdecbdimy)

X

b2 ¢3 (ac—bd) <1+n) (2+n> (d+£)

X

b
d2 (3ac _bd (3+n)) (a+ s)lm HypergeometricZFl[l, 1+n, 2+n, —(—‘lcacajb; ]

bc (2+n) (d+5)x2 3 (ac-bd)? (1+n)
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Result (type 8, 22leaves):

[,
x* (c+dx)?
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Summary of Integration Test Results

752 integration problems

A - 553 optimal antiderivatives

B - 33 more than twice size of optimal antiderivatives
C - 146 unnecessarily complex antiderivatives

D - 20 unable to integrate problems

E - 0 integration timeouts



